SELMER GROUPS AS FLAT COHOMOLOGY GROUPS 



KESTUTIS CESNAVICIUS 



Abstract. Given a prime number p, Bloch and Kato showed how the p°°-Selmer group of an 
abelian variety A defined over a number field K is determined by the p-adic Tate module T V A. In 
general one cannot hope that the p m -Selmer group of A would be determined by the mod p m Galois 
representation yl[p m ]. We show, however, that this is the case if p is large enough. More precisely, 
we determine a finite explicit set of primes S depending on K and A, such that the p m -Selmer group 
of A is determined by A[p m ] for all p f S. To do this we observe that for such p, the p™-Selmer 
group agrees with the flat cohomology group of the ring of integers of K with coefficients in the 
p m -torsion of the Neron model of A. We give a Selmer-type description for this flat cohomology 
group in terms of local conditions, which, for p £ S, agree with the local conditions defining the 
p m -Selmer group and depend only on j4[p m ]. 



1. Introduction 

Let A be an abelian variety of dimension g defined over a number field K, and let p be a prime 
number. Fix a separable closure K of K. Then the if -group schemes 4[p m ] of p m -division points 
of A are determined by their associated Ga^if/if ^representations A[p m ](K), and one forms the 
p-adic Tate module T p A := lim j4bp m ](K). Tate conjectured Tat(>0. p. 134] that T p A determines A 
up to an isogeny of degree prime to p, and Faltings proved this in |Fal831 §1 b)0 More generally, one 
can ask whether yl[p](i^) alone determines A to some extent. Consideration of the case g = 1, p = 2 
shows that if p is small one cannot expect to prove much in this direction. However, at least if g = 1 
and K = Q, for p large enough (depending on A) the Frey-Mazur conjecture [Kra99l Conjecture 3] 
predicts that 74[p](ir) should determine A up to an isogeny of degreej prime to p. 

Consider now the p°°-Selmer group Sel p x>(A/K) cz H l (K, Afp 00 ]), which consists of the classes of 
cocycles whose restrictions lie in the image A(K v )0Q p /X p cz ^(Kv, yljp 00 ]) of the Kummer map for 
every place v of if. Note that ^[p 00 ]^) = lim A[p m ](K) = V p A/T p A, where V p A := T p A® Zp %, so 
T p A determines the Galois cohomology groups appearing in the definition of SeLjoo^/if). Since an 
isogeny of degree prime to p induces an isomorphism of p°°-Selmer groups, the theorem of Faltings 
mentioned above implies that T p A also determines Se\ p x,{A/K) up to an isomorphism. One may 
expect, however, a more direct and more explicit description of SeLjoo(^4/.ftr) in terms of T p A. For 
this it suffices to give definitions of the subgroups A{K V ) (x) Q p /Z p cz H l (K v , ^4[p°°]) in terms of 
T P A. 
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^By |Tat66l Lemmas 1 and 3], the quoted result by Faltings implies the bijectivity of % v (g) Hom(A, B) — » 
^ om Gai(K/K) (T P A, T P B) for all abelian varieties A, B over K. In particular, if i: T V A T P B, one can find an 
isogeny (f>: A — » B whose reduction mod p agrees with i mod p, hence p \ deg 4>. 

2 The condition on the degree can be added, because by |Zar85l Theorem 1], up to isomorphism there are only 
finitely many abelian varieties B isogenous to A over K. 
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In [BK90J Bloch and Kato found the desired definitions: if v \ p, then A{K V ) (x) Q p /Z p = 0; if v | p, 
then, letting B CI [ S be the crystalline period ring of Fontaine and working with the Galois cohomology 
groups formed with continuous cochains in the sense of |Tat76l §2], they define 

Hj(K v , V P A) := Kex(H\K v ,V p A) - H l {K v ,V p A® Qp £? cris )), 

and then prove that 

A(K V ) ® Q p /Z p = lm(H}(K v , V p A) - H 1 (K v , V p A/T p A) = H l {K v , A[p CX} ])). 

Considering the p-Selmer group Sel p (A/K) and A[p], instead of Sel p oo (A/K) and y4[p°°] (equiv- 
alently, Sel p oo(^4/i^) and T p A), in light of the Frey-Mazur conjecture, one may expect a direct 
definition of Se\ p (A/K) in terms of A[p] for large enough p. The goal of this paper is to give such 
a definition, proving in particular that for large p the p-Selmer group depends only on In 
fact, we prove the more general 

Theorem 1.1 (Theorem 7. id ). Fix an extension of number fields L/K. Let (ft: A —* B be an 
isogeny between abelian varieties over K satisfying 

(i) A has good reduction at all places v of K such that v | deg^ ; 

(ii) deg^ is prime to Y\ w \co c A,w c B,w> where c^ w and cb, w are the local Tamag aw a factors of A 
and B over L w and w runs over all the finite places of L, 

(Hi) For every rational prime p with p | deg</>, one has e p < p — 1, where e p : = m&x v \ p e v and e v 
is the absolute ramification index of the nonarchimedean place v of K. 

Then the (ft-Selmer group Sel ( / ) (A/L) a -ff 1 (L, is determined by the G&l(L/K) -module A[(j)](L). 

In fact, the local conditions defining Sel ( j ) (A/L) cz H l (L,A\<fi\) vanish at the archimedean places, 
and for nonarchimedean w are given by the unramified cohomology subgroup 

Hl T {L w ,A[(t)\) ^ H l {L w ,A[ct)\), ifw\degct), and by 
\™{Hl p[ (O w ,A[4>}o w ) - H^L^A^])) cz H\L w ,A[cjA), if w | deg</>, 

where, if w \ v and O w and O v are the corresponding rings of integers of local fields, then A\cj)\o w 
is the base change to O w of the unique finite flat O v -group scheme A[(p]o with the generic fiber 

Remark 1.2. Theorem ll.ll is a stronger result than the one obtained by restricting to the case 



L = K. The reason for this is that the analogue of (iii) may fail for L, even though it holds 
for K. Note also that this comes at the expense of Sel^A/L) being determined by A[0](L) as a 
Gal(L/i^)-module, rather than as a Gal(L/L)-module. 

Remark 1.3. Even though ^4[^>]o„ is characterized by a uniqueness property, it can be given a 

concrete definition. Let A B be the homomorphism between the Neron models of A and B 
over Ok extending (ft, and let A[(ft] be its kernel. Then, as is suggested by the notation, ^,[0]^ 
is the base change of A[<ft] to O v . Also, *4[(/>]e> m can be described directly: it is the kernel of the 
homomorphism induced by (ft between the N eron models of A and B over O w . These claims are 
argued in the course of the proof of Theorem l7.10l . 

Remark 1.4 . It is easy to check whe ther a given tuple (K,L,A,B,(ft) verifies the assumptions of 
Theorem ll.ll . Moreover, Theorem ll.ll lets one determine an explicit finite set of rational primes S 
depending only on K, L, A, and B, such that Sel^A/L) is determined by the Gal(L/ir)-module 
whenever deg^ is not divisible by any prime in S. Namely, let S consist of all primes lying 
below a place of bad reduction for A (or B), all primes dividing a nonarchimedean local Tamagawa 
factor o£ A Xk L or B Xk F, the prime 2, and all odd primes p that are ramified in K for which 
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e p ^ p — 1 (since e p < [K : Q], one can just include all the primes p < [K : Q] + 1 for simplicity). 
Taking K = L and A = B yields the set S promised in the abstract. 

Without additional effort we also obtain the corresponding result in the function field case: 



Theorem 1.5 (Theorem 17.81 ). Fix a global field K of positive characteristic. Let (f>: A — > B be an 
isogeny between abelian varieties over K satisfying 

(i) char if \ deg</>, 

(ii) degc/> is prime to \\ v CA,vCB,v ) where ca,v o-nd cb^v the local Tamagawa factors of A and 
B over K v and v runs over all places of K . 

Then the (p-Selmer group Sel<p(A/K) c H X (K, A[4>]) is determined by the G&1(K/K) -module A[<j>](K). 
In fact, it consists precisely of the everywhere unramified cohomology classes of H 1 (K , A[(j)]) . 



Remark 1.6. Theorem [L5| is easier to prove than Theorem ll.ll . The principal reason for this is 



that under its assumptions, there are no places of K of residue characteristic dividing deg (p. In fact, 



we prove in Proposition l6.1C)(f)| that if a nonarchimedean place v of a global field K has residue 
field ¥ v and deg<^> is prime to ca,v°B,v char F„, then the local condition at v defining the (/>-Selmer 
group is H X T (K V , A[4>]) a H l (K V: A\_<p\). This is a generalization of a well-known lemma of Cassels 
|Cas651 Lemma 4.1], which draws the same conclusion under the additional assumption that v is a 
place of good reduction. If A is an elliptic curve and K is a number field, this generalization has 
also been observed by Schaefer and Stoll |SS04|, Lemma 4.5]. 



Both Theorems ll.ll and ll.5l are local results. What has led to them is an outgrowth of Remark 1.6 : 



since, if charF^ \ deg0, the unramified subgroup is often the local condition at v defining the <f>- 
Selmer group, perhaps there is a natural way to extend its definition to the cases char | deg (p. 

Let A — ► B be the homomorphism between the global Neron models of A and B extending <fi, 
and let A[4>] be its kernel. Assume that char-fT \ deg0 to make sure that A[cp] is etale over K, 
and hence t o be ab le to work with Galois cohomology (cf. 16. ip . Once one observes, as is done in 
Proposition l6.icj(e)| that for charF„ \ deg0, 

H^(K v ,A[</i\) = lm(Ht ppt (O v ,A[<t>]oJ - H\K v ,A[</>])), (1) 
a natural guess is that 

lm(Hl pf (O v ,A[<t>]o v ) - H\K v ,A[cj>-\)) c H 1 (K v , A[cf>]) (2) 

could be a desired generalization of the unramified cohomology subgroup. This is indeed the case, 
if, in addition to char if { deg^, also A has semiabelian reduction at all v with charFt, | deg^. 
We assume this for the rest of the introduction (if v is a place of non-semiabelian reduction with 
char ¥ v \ deg 6, we do not kno w of a generalization satisfying all the desired properties) . By 



Corollary l3.1Cll and Theorem l4.ll . a is injective, so we can write ^(O v , A[<fi]o v ) c H l {K v , A\(j>\). 



Two questions arise: 

1.7. What is the "Selmer" subgroup of H l (K, -A [</>]) cut out by the local conditions ([2]) for all 
nonarchimedean vl 

Answer: Let S = Spec Ok be the spectrum of the ring of integers of K, if if is a number field, and 
let S be the smooth proper curve with function field K, if char if > 0. Then, as argued in 
EZJ the subgroup in question is H} ppi (S, A [(/>]) c H X (K, A [</>]). 
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1.8. How do the local conditions ([2]) compare with the images of the local Kummer homomorphisms 
Im/^cil 1 ^,^])? 



Answer: This is the subject of Proposition 16.81 In short, if the local Tamagawa factors ca,v and 
cb.v are prime to deg(/>, then ill f (O v , A[(f>]o v ) = Ivan^ inside H 1 (K v , A[cf)]) . 



In the setting of Theorems ll.ll and ll.5l . due to (JTJ), Remark ll.3l . and the answers above, the local 
conditions defining the <^>-Selmer group and H^ ppi (S, A[(/)]) agree at all places, and we get: 



Theorem 1.9 (Theorem 7.10 ). Under the assumptions of Theorem } 1. A . Sel^(A/L) = Hi { (Ol, A'[(f)]) 



inside H l (L, A\<j)\), where Ol is the ring of integers of L and A'[(p] is the kernel of the homomor- 
phism induced by eft between the Neron models of A and B over Ol ■ 

Theorem 1.10 ( Theorem Wlk) . Under the assumptions of Theorem\T^, Sel^A/K) = H^ ppi (S, A[4>]) 
inside H l (K, A\(j)\), where S is the smooth proper curve with function field K and A[(j)] is the kernel 
of the homomorphism induced by (p between the Neron models of A and B over S. 



Theorems OH and ll.iol interpret Selmer groups as flat cohomology groups. Similar relations have 



been observed already in |Maz72j. However, the description of the flat cohomology groups in ques- 
tion by local conditions is new. In fact, as we prove in Theorem 15.31 . for it to hold on e ca n take 



other group schemes than A[(p] as coefficients in the cohomology groups (see Remark 15.61 ). For 
instance, if S is as in the answer to 11.71 and Q is any commutative finite flat S'-group scheme, then 
Hf ppi (S,Q) cz H^ pp ^(K,Qlc) is "cut out by local conditions". Another reason, why an interpretation 

of Hj ppi (S, A [(/>]) as a "Selmer group" is important, is because it tends to give more precise re- 
sults: for instance, the bounds of Proposition l7.E)(a)| are stronger than the ones obtained by similar 



computations over global bases. 

Assume for simplicity that L = K in Theorems ll.ll and |l .9L Then the 0-Selmer group is determined 
by A[<ft]; in addition, Sel ( p(A/K) = H^ ppi (OK, A [</>]), so it is also determined by the O^-group 
scheme ^4 [</>]. Is A[(p] determined by -A[<^>]? We do not know the answer. However, the Frey-Mazur 
conjecture hints that it may be positive: if <p is multiplication by a large enough p, then A[p] should 
determine A up to an isogeny of degree prime to p, and hence also A[p] up to an isomorphism. 



Closed flat subgroups of Neron models 



In justifying the injectivity of a in j2]) , we prove a more general Theorem 1 1. Ill , which we now explain. 



Let S be a connected Dedekind scheme, i.e., a connected Noetherian normal scheme of dimension 
^ 1, and let Specif be the generic point of S. For instance, S could be chosen as in the answer to 
11.71 above. A Neron model X (of Xk) is a separated, finite type, smooth S-group scheme satisfying 
the Neron property that the natural map ^iom.s{Z,X) — > Hob.ik(Zk, Xk) is bijective for every 
smooth S'-scheme Z. (See 12.11 and 12.21 for a more general discussion of these concepts.) 

Let Q be an S*-group scheme which is faithfully flat and locally of finite presentation (fppf). Then 



Theorem 1.11 (Theorem |4jJ). If Q admits a closed immersion of S- group schemes Q — * X into a 



commutative Neron model, then Hf ppi (S,Q) — * H^ ppi (K,Qx) is infective. 



If Q is commutative and finite flat over S, then, by Proposition \4.4 . Theorem 
tion to Q occurring inside a commutative Neron model, and we ask 
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1.11 



gives no obstruc- 



Question 1.12 (Question |4,5| ). If S = SpecOx is the spectrum of the ring of integers of a number 
field K, is every commutative finite flat S-group scheme Q a closed subgroup of a Neron model of 
an abelian variety? 



Fix S = Spec Ok as in Question [L12|. Example |4JjJ, due to Brian Conrad, shows that Theorem ll.il 



specifically the failure of the injectivity of H^ ppi (S,G) — > H^ ppi (K,Qx), can be used to construct 
commutative separated quasi-finite etale S'-group schemes Q which are not closed su bgrou ps of 



commutative Neron models over S. Consequently, if one allows qua si-fi nite Q in Question [L12|, then 
the answer is negative. On the other hand, as argued in Proposition |4.8| . the answer to Question 1.12 
is positive if K has a unique place above p and Q is of p-power order. 

1.13. The contents of the paper. We begin by collecting several general facts concerning Neron 
models in ^2] and proceed in $3] by proving various short exact sequences involving open subgroups 
of Neron models of abelian varieties. These give appropriate analogues of Kummer exact seque nces, 
when one works with the Neron models. Injectivity of a i n J2L or, more precisely, Theorem ll.lll 
generalizing it, i s pro ved in SjU which also discusses Question [L12j. In ^5] we prove the main technical 
result (Theorem |5 .31 ) giving a description of Hf ppi (S, A[<ft]) in terms of local conditions. The work of 
previous sections is used in Sj6j where over a local base we investigate the relations between ImK^„, 
Hf ppi (O v , A[4>]o v ), and the unramified cohomology subgroup. This analysis is used in Sj7]to compare 
the </>-Selmer group and Hj ppi ( S, A [(f)]) and to prove Theorems 1.1 . 1.5 . Il.9l and l.iol . For cross- 
reference purposes, we gather several well-known results from algebraic geometry in Appendix IaI. 

1.14. Conventions. For a field K, we denote by K a separable closure of K, a choice of which 
will always be made implicitly; so will be a choice K alg => K of an algebraic closure. If K is a global 
field and v is one of its places, a choice of an embedding K K v is also made implicitly. For a 
scheme S and a point s e S, we denote by Os, s , ^s,s, an d k(s) the local ring of S at s, its maximal 
ideal, and its residue field. We denote by <Sfp P f, S e t, and SW t the fppf, big etale, and etale sites 
of S; the objects of Sfp P f and S-^ t are all S'-schemes, while those of are all schemes etale over 
5. The cohomology groups computed in S et and Sf pp f are denoted by H l ct {S,Q) and Hf pp f(S, Q); 
usually Q will be represented by a commutative S'-group algebraic space locally of finite presentation. 
Galois cohomology groups will be denoted by H l , and, for Q as above, the <5-functorial identification 
Hl t (K,Q) = H l {K, Q(K)) arising from a choice of K will be made implicitly. So will b e the 



identification H^ t (S,Q) = H^ ppi (S,Q) for smooth Q satisfying the assumptions of Proposition lA.2 ; 
it is 5-functorial as well. In the presence of a morphism f:S'—*S,it will be understood that 
Hf ppi (S,G) — ► Hf ppi (S' , f*G) is the <5-functorial pullback homomorphism; if Q is an S-algebraic 
space, then f*Q = Q x$ S'. For an S-algebraic space X, we frequently use the shorthand Xt for 
its base change along T — » S. As is the usual practice in the abuse of notation, when dealing with 
affine schemes, such as S = SpecR, T = SpecR', we sometimes drop Spec for brevity, e.g., we talk 
of an i?-algebraic space X, and its base change Xri . 

We assume the definition |SP} Definition 025YJ of an algebraic space (see also [SP, Lemma 076M]). 
In particular, when citing results from other references, we sometimes have to make an additional 
quasi-separatedness assumption. Re present ability of torsors is our main reason for res orting to 



alge brai c spa ces, see Proposition |A.4| . The reader only interested in the proofs of Theorems 1 1 . ll . 1 1 . 5l . 
PandflTol can restrict to the ca se of schemes: due to the quasi-affineness of «4.[</>], the appearing 



torsors are schemes (see Corollary 3. id ). 
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2. Neron MODELS 



Our analysis of Selmer groups will be based on a study of Neron models of abelian varieties. This 
section is devoted to various concepts and results in the theory of Neron mode ls. W e set notatio n in 



I2.ll and f2.21 recall ways to recognize and construct Nero n mo del s in P roposition l2.4l and Theorem \2. 8 
and investigate their groups of torsors in Propositions 2. id to 2.12 . 



2.1. Dedekind schemes. Recall that a Dedekind scheme S is a Noetherian normal scheme of 
dimension ^ 1 . A normal Noetherian local ring of dimension ^ 1 is either a discrete valuation ring 
or a field, so these are also the possibilities for the local rings of S. We assume that S is connected; 
this is not necessary, but it simplifies the notation (though not the proofs). In particular, under 
this assumption, S is not the empty scheme. All our results can be deduced for arbitrary S from 
this special case by decomposing S into connected components. 

We let K denote the function field of S. If X is an S'-scheme, we call Xk the generic fiber of X . 
Any nongeneric point of S is closed, and the complement of any nonempty open subscheme U cz S 
is a finite union of closed points. The main cases of interest are when S is a smooth proper curve, 
or when S = Spec Ok where Ok is the ring of integers of a number field or a nonarchimedean local 
field K. 

For s e S, let Os, s , ^s,s, an d k(s) be the local ring of S at s, its maximal ideal, and residue 
field. Denote by 0$ s , O s h s , and Os, s the henselization, strict henselization, and completion of Os, s , 
respectively. The fraction fields of Os, s , @s s> O s s h s , and Os, s will be denoted by K$, s , Kg s , K s h s , 
and K <j s , respectively. Note that Ks )S = K, and, if s is not the generic point, that K$ tS is the 
completion of Ks s with respect to the discrete valuation corresponding to s. Also, Os s > ®s s> ^fiji 
and Os, s are either fields (if s is the generic point) or discrete valuation rings sharing a common 
uniformizer [BLR90, §2.3 Proposition 10]. In the latter case, the residue fields of Os, s , and 
O s ,s are the same (cf. |EGA IV 4 [ 18.6.6 (iii)] for O h Ss ). Note that Spec0 5 , s , Spec0£ s , Spec<5 5: 



Si 



and any nonempty open U cz S are also Dedekind schemes. The notation introduced here will be 
in place for the rest of the section. 

2.2. Neron (1ft) models. Recall that an S-group scheme X is a Neron model (of Xk) if it is 

separated, of finite type, smooth, and satisfies the Neron property: the natural map Homs(2, X) —* 
Houik(2k, Xk) is bijective for every smooth S'-scheme Z. If one drops the condition that X be of 
finite type, one obtains the definition of a Neron Ift model [BLR90, §10.1], which is locally of finite 
type because of smoothness. Of course, a Neron model is also a Neron 1ft model. Note that the 
Neron property determines X from Xk uniquely up to a unique isomorphism. In general, in the 
definitions above one does not need to require that X be a, group; we do, however, because all the 
Neron (1ft) models that will be of interest to us have this property. 

Proposition 2.3. 

(a) If X — > S is a Neron model (resp., Neron Ift model), and U cz S is a nonempty open, then 
X\j —* U is also a Neron model (resp., Neron Ift model). 
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(b) A finite type (resp., locally of finite type) X —* S is a Neron model (resp., Neron Ift model) 
if and only if, for every closed point s e S, the base change X x g Spec Og s — > Spec Og s is a 
Neron model (resp., Neron Ift model). 

(c) Suppose that S = Spec Og^ s is local and X — > S is a Neron model (resp., Neron Ift model). 
Then X x s SpecO^ Spec0^ s , X x s Spec6 5 ,s Speeds, and X x s SpecO s s h s 
SpecO s h s are also Neron models (resp., Neron Ift models). 

Proof. 

(a) This results from the definitions. 

(b) See |BLR901 §1.2 Proposition 4] and |BLR901 p. 290]. Note that this generalizes 



(c) This is a special case of [BLR90, §10.1 Proposition 3]. □ 
The following result is useful in recognizing Neron models: 

Proposition 2.4. Suppose that Q is a proper smooth S-group scheme. Then Q is a Neron model. 



Proof. By Proposition l2.3)(b)[ we can assume that S is the spectrum of a discrete valuation ring 
Og )S . Then by [BLR.90I §7.1 Theorem 1], it suffices to check that Q{Of s ) Q{K s s h s ) is bijective. 
This results from the valuative criterion of properness. □ 



Another source of Neron models is Theorem 12.81 below. We now recall various concepts present in 



its formulation, which will also play a role elsewhere. 

2.5. Schematic image and schematic dominance. For a morphism X — > Y of schemes, the 
schematic image of / is the closed subscheme Y' —* Y through which / factors and which is initial 
among such closed subschemes of Y. By |SP^ Lemma 01R6J, the schematic image exists for any 
/. If for each open subscheme U c Y, the schematic image of the base change fjj is U, then / is 
schematically dominant |EG A IV3I 11.10.2]. By |SP| Lemma 01R8J, if / is quasi-compact, then the 
induced morphism X —* Y' is schematically dominant. By |EGA IV3] 11.10.5 (ii) a)], schematic 
dominance of a quasi-compact morphism / is preserved under flat base change, hence the formation 
of the schematic image of a quasi-compact / commutes with flat base change. 

We recall (cf. 12. If) that S denotes a connected Dedekind scheme. 

Proposition 2.6. Let y be an S-scheme, and let H be a closed subscheme ofyx- 

(a) The schematic image T~i of H — » 3^ is the unique closed subscheme of y which is S-flat with 
the generic fiber %k = H. 

(b) If, in addition, y is an S-group scheme, and H is a K -subgroup scheme, then TL is an S- 
subgroup scheme ofy. Moreover, TL is killed by every n that kills H and is commutative, if 
so is H . 



(c) In the setting of \(b)\ if ' y — > S is of finite type and H is a finite K -group scheme, then TL is 
a quasi-finite fppf S-group scheme with TLk = H; it is killed by #H. 



Proof. 
(a) 



This results from |EGA IV 2 j 2.8.5]. 
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(b) Using transitivity of schematic image [EGA H 9.5.5], checking that various diagrams giving 
the group scheme structure of y restrict to give the group scheme structure of H is straight- 
forward once one knows that the schematic image of H x x H — > y x 5 y is % x $ *H. This 
results from |EG A IV2 2.8.6]. The transitivity mentioned above also shows that T~L is killed 



by n, if so is H. The claim about commutativity results by using in addition [EGA I, 9.5.6]. 



By (a) and |(b)| % is a flat S-group scheme with T-Lk = H, and it is of finite type, because 
so is y. Thus, T{ —* S is fppf. By applying [BLR90, §2.4 Proposition 4] to the schematic 
images of the connected components of H (to meet the irreducibility condition in loc. cit.), 
the dimensions of the fibers of T~L are 0, so Ti —* S is quasi-finite. Since H is killed by #H, 
the last claim results form|(b)] □ 



2.7. Group smoothenings. Let Q be a finite type S'-group scheme with smooth generic fiber. 
Recall |BLR901 p. 174] that an S-morphism Q' —* Q is a group smoothening (of Q) if Q' is a finite 
type smooth S'-group scheme and t is terminal among S-morphisms from smooth S-schemes Z to 
Q. That is, for any smooth Z —* S, any S-morphism Z — > Q factors uniquely through t. If a group 
smoothening of Q exists, it is unique up to a unique isomorphism. If S = SpecOs^ is local, then 

Q' K and Qk are smooth over S, so, using the universal property, Q' K — ^* Qk is an isomorphism. 

Theorem 2.8 ( [BLR90| §7.1 Corollary 6]). Let X -> S be a Neron model, and let G c X K be a 

closed subgroup which is K -smooth. Then G admits a Neron model, which is given by the group 
smoothening of the schematic image of G —* X . Consequently, the schematic image of G —* X is 
the Neron model of G if and only if it is S-smooth. 

Proposition 2.9. A finite etale K-group scheme G has a Neron model Q — > S, which is separated, 
quasi-finite, etale, and killed by every n that kills G. 



Proof. Assume that Q exists. By the definition of a Neron model [2721 and Proposition 12.61 . Q — > S is 
separated, quasi-finite, smooth, and killed by every n that kills G. Since Q — * S is quasi-finite, it is 
of relative dimension 0, so, due to smoothness, it is also etale [BLR90, §2.2 Proposition 11]. 

Let K'/K be a finite separable extension such that Gk' is constant, hence has a Neron model. Let 
S' be the normalization of S in K' . The existence of Q follows from |BLR90| §7.2 Proposition 4] 
once we show that S' is a Dedekind scheme and S' —* S is finite flat. The latter follows from 
[Bou64, V.§1.6 Corollaire 1 de la Proposition 18], because flatness can be checked at the stalks of 
the base. It follows that S' is Dedekind because integral closure does not change the dimension. □ 

We now consider fppf torsors under X, where X — > S is a commutative Neron (1ft) model. 



Proposition 2.10 (|Ray70, Theoreme XI 3.1 1)]). Let X —* S be a Neron model. Every fppf torsor 



under X is representable by a scheme. 
Proposition 2.11. Let X —* S be a commutative Neron Ift model. Then 

Hl ppi (S,X) - Hl pf (K,X K )VH\K,X K ) (3) 

is infective. 

Proof. By IA.3I and Proposition |A.4| . we need to show that if an algebraic space T is an fppf torsor 
under X with T{K) # 0, then T(S) # 0. We will define a desired P e T(S) etale locally. Let 
U —* S be an etale cover from Proposition trivializing T . Then Spec K — ► T gives rise to 

Pu e ~Komu(y K ,T x 5 U) = Hom C7 (L r ^, X x s U) = B.om s (U K ,X) = Rom K (U K ,X K ), 



hence, invoking the Neron property for the smooth U — > S, to the unique 

P v e Horns ([/, AO = Horri[/(C/, X x s U) = Homp(C/,Tx s 17) = Hom s (C/,T). 

Due to uniqueness, Pjj gives rise to a descent datum relative to the cover U — > S, which, because 
T is an etale sheaf, produces a desired P e T(S). □ 

If 5 is local and X — » S 1 is a commutative Neron model, it is possible to identify the image of Q: 

Proposition 2.12. Let S = SpecOs, s be the spectrum of a discrete valuation ring Os, S! an d let X 
be a commutative Neron model over S. Then the image of the injection b from Q is 

B := Kei^iK.Xx) H l (K sh ,X K )). 

In other words, an fppf torsor T under Xk extends to a torsor under X if and only ifT(K ) 0. 

Proof. The inclusion B cz Im b results from [BLRQHl §6.5 Corollary 3] (with R' = R sh ). On the other 



hand, by Proposition A.5l . any Af-torsor T trivializes over an etale cover U of S. Since Spec 0c 



h 

S,s 



SpecOs jS factors through U [BLR90, p. 48], T trivializes over Of s , yielding ImftcB. □ 

Remark 2.13. If Os, s is the ring of integers of a nonarchimedean local field K, then K sh is the 
maximal unramified extension of K, and B is the unramified cohomology subgroup of H 1 (K, Xk) 



Consequently, for a commutative Neron model X — > Spec0s iS , by Propositions 2, 111 and 12.12 . 
H^ t (Os,s: X)^ b^i7 f p pf (Os,s, X) a H 1 ^, Xk) is the unramified cohomology subgroup. 

3. Exact sequences involving open subgroups of Neron models of abelian varieties 

3.1. The setup. Assume the framework of 12.11 Hence, S is a connected Dedekind scheme with 

the function field K. Let A B be an isogeny between abelian varieties over K, let A —*■ B be 
the induced homomorphism between their Neron models over S, and let A[4>] be its kernel. Since 
B is separated, the unit section S — > B is a closed immersion, hence so is A[(p] — > A. For s 6 S, we 
denote by <j) s the homomorphism obtained from <f> by the base change to the fiber at s. This setup 
will be in place for the remainder of the section. 

If char K \ deg <f>, one often studies the long exact Galois cohomology sequence of 

A[<f>] ^A^>B^0. (4) 



If one works with A and B, the analogue of @, stated in Proposition l3.12|(a)[ faces complications 
due to the possibility of disconnected closed fibers. In this section we gather several short exact 
sequences which are useful when working with Neron models of abelian varieties. These sequences 
have been used repeatedly in the literature, but their proofs seem difficult to locate. 

3.2. Open subgroups of A. For a closed point s 6 S, let <3? s be the etale A;(s)-group scheme 
A s / A® of connected components of the special fiber A s at s. Since A — > S is of finite type, <I> S is 
finite; $ s gives rise to the finite Gal(/c(s)/fc(s))-module $ s (A;(s)). For each s, choose a subgroup 
scheme T s of $ s (equivalently, a Gal(fc(s)/fc(s))-submodule T s (k(s)) cz $ s (fc(s))). For all s but 
finitely many, A s is an abelian variety, hence <I> S = 0. Thus, regardless of the choices, T s = & s for 
all s but finitely many. Consequently, define the open subscheme „4 r a A obtained by removing 
for all s the connected components of A s that are not in T s . It follows from the construction that 
_4. r is an open S'-subgroup scheme of A, and that for each S'-scheme T, the sections in A r (T) are 

those T —* A, for which the composition of f s :T s — > A s and A s — * & s factors through T s cz $ s . 

9 



Taking T s = for all s, one obtains the open S*-subgroup scheme ^4° of A that fiberwise consists of 
connected components of identity. Of course, taking F s = <l? s for all s, one gets A® = A. For s 6 S, 
we denote the base change (A T ) S by A^ . 

For a closed point s e S, denote by i s : Speck(s) — > S the corresponding closed immersion. Since 
i*A r = A^, under the adjunction i* -\ i s * the homomorphism A^ — ^* T s gives rise to the homo- 

morphism A r — > i s #A^ ls *^ s \ i sif r s of fppf sheaves, under which / e A r (T) maps to ir s o f s . In 
particular, for any choice of r s c r s , there is a Cartesian square 



A?( >A 



r 



(5) 



Lemma 3.3. Let T be a scheme, and let X —* T be a smooth T -algebraic space. If X is not a 
scheme, assume that it is quasi-separated. For a closed point t e T, let Xf — > Speck(t) be the base 
change of X along it: Spec/c(t) — > T. Then the natural map 

X -> i t *i*X = i t *X t 

is a surjection of sheaves in the big etale site Ik, ofT. 

Proof. Let O be the coordinate ring of some stalk at a geometric point o = Spec 0/mo, in T^ t , so C 
is a strictly Henselian local ring. Since X — > T is locally of finite presentation, by |SP1 Definition 049 J 
and Proposition 04AKJ, the stalk of X at o is X{0). Similarly, since t is closed, the stalk of it*Xf 
at o is Xt(0), if o is not centered at t, and Xt(0/a) = X(0/a), if o is centered at t, where 
a c mo o is the ideal generated by the ima ge of nvrt- In the latter case, the desired surjectivity of 



X{0) -> X(Ofa) follows from Lemma [AJ. □ 
Proposition 3.4. The sequence 

-» .A -» A r — fi}i s *r, 



s 



is exaci in the etale, big etale, and fppf sites of S. 

Proof. Taking T s = for all s in (|5|) proves exactness in the middle. It remains to argue the 
surjectivity of A T — > (J) s i s *T s , which will follow in all the sites in question, if we show it for the big 
etale site. In addition, since the direct sum is finite and indexed over closed s e S, it suffices to argue 

the surjectivity of each A r — > i s *T s . For this, we inspect the factorization A r i s *A^ — * i s *r s , 



where a is surjective by Lemma |3 .a . It remains to show that A^ T s is surjective in (Spec k (s))^ t , 
because i s * is exact for the etale topology. 



Inspecting a stalk in (Spec k(s))^ t with the coordinate ring O, since k(s) c O, we have a commu- 
tative square 



A r s (Ks))^AT s (k(s)) 



A^{0)^Ut s {0). 



The map d is bijective, because T s Xu s ) k(s) = |_| Spec k(s) and O is local, whereas by limit 
arguments |EG A IV-jj 8.14.2], c(O) is the map induced on the stalk. The surjectivity of c{0) 
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follows, because the surjectivity of c(k(s)) is due to the fact that every component of A^ Xy s y k(s) 
is smooth and therefore has a A:(s)-point |EGA IV4, 17.16.3 (ii)]. □ 



More generally, we have 

Proposition 3.5. For any choice of subgroup schemes T s a T s , the sequence 





>A T >4' ->Q I I 

is exact in the etale, big etale, and fppf sites of S. 



Proof. Due to ([5]) and Proposition l3,4l . in the commutative diagram 



^A° 



-s-0 







A 



^A 1 



-> © s « s *r s — > 0, 



the rows are short exact in any of the sites. In the case of the big etale site, each i s * is exact by, 
hence the conclusion by snake lemma. This gives surjectivity of d in any of the sites, and also the 
conclusion, because left exactness is checked on the level of presheaves. □ 



Lemma lA.lC)(a)| and Proposition 13.51 give one way to prove 



Corollary 3.6. For any choice of subgroup schemes T s a T s , the fppf sheaf (£) s i s *(T s /r s ) is 
representable by an algebraic space. 

We recall that the setup of 13.11 is in place. 

Lemma 3.7. The following conditions are equivalent: 

(a) A — » B° is quasi-finite; 

(b) A B° is surjective (as a morphism of schemes); 

(c) A ^B° is flat. 

When the equivalent conditions above are satisfied, A ^* B° is a surjection of fppf sheaves. 

Proof. The final assertion follows from the others, because an fppf morphism induces a surjection 
of associated represented fppf sheaves. 



Due to the fibral criterion of flatness |EGA Pv^ 11.3.10] to handle (c) all the conditions can be 
checked fiberwise on S. We show that |(a)[ |(b)[ and (c) are equivalent for the fiber at s e S. 

since A , B° are fppf over S, by [BLR90I §2.4 Proposition 4], dim .4° = dim A, dim£° = dim B, 
and hence dim4^ = dimE®. Therefore, by |SGA 3it Expose VIb, Propositions 1.2 et 1.3], (a) "(b) 



Also, if <p s is flat, then due to loc. cit., (j) s (A®) is both closed and open, hence equal to B^. Thus 



(c)=>(b) Also, ker 4> s is flat, hence, if cj) s is surjective, it is also flat by |SGA 3it Expose VIa 
Proposition 5.4.1 et Expose VIb Proposition 9.2 (ix)]. Thus, (b) => (c) □ 
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3.8. Semiabelian reduction. For a closed point seS, recall that A is said to have semiabelian 
reduction at s, if A® is an extension of an abelian variety by a torus, and that it is equivalent to 
require this over A;(s) alg [BLR901 §7.3 p. 178]. 

Lemma 3.9. The following implies the equivalent conditions of Lemma \3. 

(d) A has semiabelian reduction at all closed points s e S with charfc(s) | degcp. 
If eft is multiplication by n, then\(d)\ is equivalent to the conditions of Lemma \3. '/I . 



Proof. For (d)=>(b), it suffices to show surjectivity of (ft s for each s e S. For this, inspect the 
dual isogeny of (ft and use dim A® = dim B® (see the proof of Lemma 13.71 ) to reduce to the case of 
multiplication by deg(ft. If char/c(s) | deg(ft, then the claim results from multiplication by deg(ft 
being surjective on abelian varieties and tori. If char/c(s) \ deg(ft, then multiplication by degcft 
induces an isomorphism on Lie^. Hence, dimKer(deg0) = 0, and so multiplication by degcft is 
surjective by |SGA 3t, Expose VIb, Proposition 1.2]. 



If (ft is multiplication by n, to see (a) =z (d) reduce by 13.81 to k(s) being algebraically closed. Then 
use the structure theory of algebraic groups to argue that if char k(s) \ n, then A® can have no G a 
as a subgroup, hence must have a trivial unipotent radical. □ 



Corollary 3.10. Suppose that A has semiabelian reduction at all closed points s e S with char k(s) \ 
cleg 0. Then A[(ft] is a commutative separated quasi-finite flat S -group scheme, which is a closed 
subgroup of A. In particular, A[(ft] is quasi-affine over S, and every fppf torsor under A[(ft] is 
representable by a scheme. 



A 



A[(ft] — > A is a cl osed immersion. Due to the fibral criterion of flatness 
11.3.10], it follows from Lemma and |SGA 3i\ Expose IVb, Proposition 1.3] that 
B is quasi-finite flat, hence so is A[(ft] — * S. The last sentence results from Proposition I A. 71 . □ 



Proof. As observed in 13.1 
|EGA IV 



Corollary 3.11. Suppose that char k(s) \ deg(ft for all closed points s of S. Then A[(ft] is the Neron 
model of A\(ft\. 



Proof. By Corollary 3. id and Prop ositio n |2.6| . A[(ft] is t he s chematic image of A[(ft] — > A and is 
killed by deg(ft. Then, by Corollary 3. id and Proposition A.8l . A[(ft] —* S is etale, so the conclusion 
follows from Theorem I2.8L □ 



Note that any choice of T s a $ s gives rise to the (ft s (T s ). We denote by B^ r ^ the corresponding 
open iS-subgroup scheme of B, and observe that (ft: A r —* B factors through B^ rs> B. 

Proposition 3.12. Suppose that A has semiabelian reduction at all closed points s with char k(s) \ 
deg(ft. Then for any choice ofF s cz & s , the sequences 

(a) 0^A r [(ft]~>A r ^>B^^0, 

(b) - A°[(ft\ - A r [(ft] - S i rt (T a [^]) - 
are exact in the fppf site of S. 
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Proof. Consider the commutative diagram 

>A°[(ft] >A r [(ft] 



>© s i s *(r s [0 s ]) — >o 



^A' 



^A l 



o 



^B° 



-s-0 



where the bottom h orizo ntal sequences are short exact by Proposition ^. 4| . the left bottom surjection 
results from Lemma I3.9I . and the right vertical sequence is short exact in the big etale site, and hence 
in the fppf site, because each i s * is exact for the etale topology. Both claims now follow by invoking 
snake lemma. □ 

Corollary 3.13. Suppose that A has semiabelian reduction at all closed points s with char/c(s) | 
deg (ft, and that there is an isogeny B — > C of abelian varieties, which then extends to a homomor- 
phism B — > C of Neron models. Then for any choice ofT s c $ S; the sequence 

- A r [(ft] — A v [ift o (ft] t B^ v) [ml)] -> 

is exact in the fppf site of S. 



Proof. By universality of quotients IA.S|(b)[ this follows from Proposition 3. 14(a)! by pulling back 
along B^[tft] ^ B^ r l □ 



Remark 3.14. An example of a situation in which Proposition 3.12 and Corollary 3.131 apply is 
when (ft = n and ift = m are multiplication by n and m isogenies, and A has semiabelian reduction 
at all closed points s e S with charfc(s) | n. 



4. Flat closed subgroups of Neron models 
Assume the notat ion of 12.11 so, in particular, S is a connected Dedekind scheme with the function 



field K. Theorem |4.1| is the main result of this section; it yields an obstruction for a commutative 



fppf (S-group scheme Q to occur as a closed subgroup of a Neron 1ft model over S. 



Theorem 4.1 (Theorem ll. 111 ). Let Q be an fppf S- group algebraic space, and assume that there is 



a closed immersion of S-group algebraic spaces Q —*■ X, where X is commutative, and satisfies: 

(a) X — > S is locally of finite presentation; 

(b) X(S) — * X(K) is surjective; 

( c ) H {p P f( S i X ) -* #fp P f ( K > x k) is injective. 
(E.g., bu \2.S\ and Proposition ^. 1 A . X —* S could be a commutative Neron Ift model.) Then 

is injective. 
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Proof. Set Q := X/Q. By Lemma jAjj|c)] Q is a commutative separated 5-group algebraic space. 
Once we show that Q(S) — * Q{K) is injective, the conclusion follows from 

X(S) > Q(S) ► H{ ppf (S, Q) ► H} ppf (S, X) 



X(K) > Q(K) ► Hj pp{ (K, g K ) ► H} ppi {K, X K ) 

by the four lemma. 

Suppose / e Q{S) vanishes in Q{K). Let T — > S be fppf such that / is represented by a morphism 
T X. Since S is Noetherian, and fppf morphisms are open, we can assume that T is quasi- 
compact, hence Noetherian. Then, by covering S with open afhnes Si, letting T be their preimages 
in T, to show that a factors through Q, and hence that / = 0, it suffices to show the same for every 
a^: Ti '—> T — > X. Replacing T with a disjoint union of open affines in a finite cover, we can assume 
that Ti is affine. 

Let s £ Si be a closed point. By the valuative criterion of separatedness for algebraic spaces 
[LMB00, A. 3], the restriction of / to SpecOs^ vanishes. Hence T xg SpecOs jS —*■ T —* X, and 
also T xg. SpecO^s — > T, — ^ A" factor through Q. Since Tj, Si are affine, and both Q and <Y are 
locally of finite presentation, by spreading-out |SP|. Definition 049J and Proposition 04AKJ there is 
an open affine neighborhood U a Si of s, for which Tj U —* T X factors through Q. Since 
Q is a sheaf, we conclude that Oj itself factors through ^, i.e., / = 0. □ 

Remark 4.2. The proof simplifies if Q and X are assumed to be schemes. Reducing to the case 
when T is Noetherian, one can then apply the spreading-out argument at every s £ S to T directly 
using |EGA IV3 8.8.2 (i)]. The reason for introducing the auxiliary T above is to be able to apply 



the quoted result from |SP| . 

Remark 4.3. By |Mil80l III.4.9], H£ { (S, G m ,s) = Pic S, and by Hilbert's Theorem 90 (see also 
I1.14p . H} f (K, G m> K) = . Therefore, invoking Theorem l4.ll . G mt s cannot be a closed subgroup 
of a Neron 1ft model, if PicS ^ 0. For instance, this applies to S = SpecO^- where Ok is the ring 
of integers of a number field K with nontrivial class group. On the other hand, by |BLR90| §10.1 
Example 5], G mt s is always an ope n subgroup of the Neron 1ft model of G m K- In particular, it is 



essential to assume in Theorem |4.1| that the immersion Q — > X be closed. 



Theorem l4.ll gives an obstruction to Q being a closed subgroup of a commutative Neron 1ft model. 
Unfortunately, it gives no restrictions, if Q — * S is proper: 

Proposition 4.4. Let Q be a commutative proper flat S-group algebraic space. Then 

H} wi {S,G)^H} ppi {K,g K ) 

is injective. 



Proof. Let T be an fppf torsor under Q. Since properness is fppf local [SP] Lemma 0422J, T —* S 
is proper. By IA.3| we need to show that T(S) ¥= 0, whenever T{K) ^ 0. By spreading-out 
|SP| Definition 049 J and Proposition 04AKJ, ape T{K) gives rise to a P e T(U) for an affine 
open U cz S. We augment U to S as follows: if s e S\U, then Os, s is a discrete valuation ring with 
fraction field K. By the valuative criterion of properness for algebraic spaces [LMB00, 7.5 et 7.5.2], 
p extends to p s £ T(Os, s ), which, by the spreading-out result quoted above, extends to a Q e T(V) 
for an open affine neighborhood V of s. To glue P and Q using the sheaf axiom for T, and then 
conclude by iteratively shrinking S\U, we need to show that P and Q agree on U n V. But indeed, 
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since they agree generically, by the uniqueness claim in the valuative criterion and the spreading-out 
argument, they agree on some affine open neighborhood Ut c U nV for every t £ U n V. □ 



Proposition \4.4 applies in particular to commutative finite flat S- group schemes Q. What concerns 
such Q, it would be interesting to know the answer to (with the parenthesized conditions taken 
either present or absent) 

Question 4.5. Let S = Spec Ox be the spectrum of the ring of integers of a number field K. Is 
every commutative finite flat S -group scheme Q a closed subgroup of a commutative Neron (Ift) 
model (of an abelian variety)? 

Remark 4.6. Of course, one cannot hope that Q would always be a closed sub grou p of an abelian 
scheme over S (which is a Neron model of an abelian variety by Proposition |2,4| ), Indeed, by a 
theorem of Fontaine [Fon85, p. 517 Corollaire] and Abrashkin [Abr87, Theorem 5], if S = SpecZ, 
then the only abelian scheme over S is the trivial one. If, however, S is the spectrum of a Noetherian 
local ring, then an embedding of Q into an abelian scheme over S exists by a theorem of Raynaud 
[BBM821 Theoreme 3.1.1]. 



Proposition |4.8| shows that the answer to Question |4,5| is positive if for every rational prime p | jf-Q 



there is a unique place of K above p; e.g., this is the case for K = Q. For the proof we will need: 

Lemma 4.7. Let S be a (connected) Dedekind scheme with the function field K, and let Q be 
a commutative finite flat S-group scheme. Then Q is a direct product of commutative finite flat 
S -group schemes of prime power order. 

Proof. If I i= char K is a prime dividing #Q, it suffices to split off a factor of order l n > 1. Using the 
connected-etale sequence, build a short exact sequence — *■ H — > Qk ~ * Q — " of finite if -g roup 



schemes with I \ #H and j^Q = l n . Let TL be the schematic image of H —* Q. By Proposition |2,6| , 
TL is finite flat of order ^TL = #H. By [Tat97, §3.5], Q/TL is a finite flat S-group scheme of order 
l n and killed by l n . Thus, by snake lemma for fppf sheaves, since l n is an isomorphism on TL, its 
kernel on Q is representable by Q/T~L. This gives a desired splitting Q = % x Q/%. □ 

Proposition 4.8. Let S be a (connected) Dedekind scheme with the function field K, and let Q be 
a commutative finite flat S-group scheme. Suppose that for each prime p \ j^Q there is at most one 
closed point s e S with char/c(s) = p. Then Q is a closed subgroup of the Neron model A of an 
abelian variety A = Ak- 



Proof. Since the Neron model of a product is the product of the Neron models, by Lemma I4.7I . we 
are reduced to the case #Q = p n for some rational prime p \ #Q. 



If there is no s £ S with char/c(s) = p, then, by Propositions 2A and A.8l . Q itself is a Neron model. 



By [BBM82, Theoreme 3.1.1], there is a closed immersion of if-group schemes Qk °— ► A into an 
abelian variety. Let A — > S b e the Neron model of A, and let TL be the schematic image of Qk — * A. 
By Propositions 12.61 and A.8l . TL — > S is the Neron model of Qk-, hence Q = TL giving the conclusion. 



Assume now that the closed s e S is unique with charfc(s) = p. Then S(p\ '■= SpecOs^ is a local 
Dedekind scheme with function field K. By [BBM82, Theoreme 3.1.1], ther e is a closed immersion 
of <S( p )-group schemes Qs^ into an abelian scheme. By Proposition |2.4| . As^ 5*(p) is the 

Neron model of A : = (A s, Jif, so we are done if S(p\ = S. Otherwise, let A be the Neron model of A 
over S. Proposition l2,3)(b)] justifies the notation, and Qs^ p) -AsVj,) spreads out |EGA IV3 8.8.2 (i) 



et 8.10.5 (iv)] to a closed immersion of [/-group schemes Q\j — > Ajj for some open U cz S containing 
s. By the argument of the case when p is invertible, Qs-{ s } is Stale and the unique Qg_{ s } —* A 
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extending Qk Ak is a closed immersion of (5" — {s})-group schemes. Similar reasoning applies 
over U n (S — {s}), so we obtain a closed immersion of S-group schemes Q —* A by glueing. □ 



Remark 4.9. As is clear from the proof, if j^Q = p n and s e S is the unique closed point with 
char k(s) = p, then A can be taken to have good reduction at s. 



Remark 4.10. Assume the notation of Question |4,5| and that -j^Q = p n . Let be the semil ocal 



Dedekind scheme obtained fr om S by localizing away from p. Then the proof of Proposition |4. 
continues to answer Question |4.5| affirmatively, as long as over one can realize QSi p \ as a closed 
subgroup of the Neron model of an abelian variety. 

Example 4.11. Let K be a number field, let Ok be its ring of integer s, a nd let p be a rational 



prime. The following example, due to Brian Conrad, shows that Theorem |4. ll can be used to exhibit 
commutative separated quasi-finite etale O^-group schemes Q which are not closed subgroups of 
commutative Neron 1ft models over Ok- Mo reover, Q can be taken to have fibers of p-power order. 



Consequently, the analogue of Question |4.5| for separated quasi-finite flat Q has a negative answer. 

Set S := SpecOj^ , and fix s e S" with char k(s) j p. Since Og s is Henselian, the functor y <— > y^s) ls 
an equivalence of categories between that of finite etale C^ s -schemes y and that of finite etale k(s)- 
schemes [E GA 1V4] 18.5.15]. Moreover, since k(s) is a field, the latter category is equivalent to that 
of finite discrete Gal(fc(s)/&(s))-sets. Since k(s) is finite, there is a unique cyclic degree p extension 
l/k(s) contained in k(s). Choose a generator a e Gsd(l/k(s)) and consider the 2-dimensional F p - 
representation V of G := G&l(k(s)/k(s)) given by 



p: Gsd{k(s)/k(s)) -» Gal(Z/fc(s)) ^ GL 2 (F p ), 

Due to the equivalences above, V gives a commutative finite etale Og ,,-group scheme Gqh of order 
p 2 . The subspace W a V spanned by (i) in the chosen basis is a trivial subrepresentation, which 
yields the open and closed C^ s -subgroup scheme % = (Z/pZ)^ a Qqh . Let Q h a Qqh be 
the open 0g ,,-subgroup scheme obtained by removing the closed complement of T~Lk( s ) fr° m the 



special fiber of Qqh (this is analogous to the construction in 13 . 2[> . Note that Q h —> SpecOg s is 
separated, quasi-finite, etale, and has fibers of p-power order. 

Claim 4.11.1. Qqh is not a closed 0$ ^-subgroup scheme of a commutative Neron 1ft model. 



Proof. Let Q K h and Q K h be the generic fibers of Qqh and Qqh , and let Gk(s) an d Gk(s) be their 



special fibers. Set Q := Q h /G^h , which is an 0g ,,-group algebraic space by Lemma lA.lC|(a)[ and 
note that Qk( s ) = Qk{s)/Gk{s) bv lA,S|(b)j Also, because Q h — » Spec0^ s is an etale surjection, and 



being an etale surjection is fppf local on the base (SPj, Lemmas 042B and 041Q|, by Lemma lA.lCl (b) 



Qoh — > Q is an etale cover by a scheme. Thus, since Qqh — > Spec 0$ s is etale, so is Q — » Spec Og s . 



By Theorem |4.ll . we only need to show that H^ ppi (Og s , Qqh ) — > H{p p f(Kg s ,Q K h ) has a non 



trivial kernel. Since Q rn h ► Q^h is an isomorphism on generic fibers, it suffices to show that 

U S,s U S,s 

Hi pt {0% s ,g o n s ) - Hl pi (0% s ,g H ) has a nontrivial kernel, or that 9 h {0% s ) - Q(O h Ss ) 
is not surjective. For that, since W = V G — > (V/W) G is not surjective, and hence neither is 
^fc(s)(^( s )) — * Qk(s){k(s)), it suffices to show that Q(0$ s ) —> Q(k(s)) is surjective, as we do below. 
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Let x e Q(k(s)). By [LMBOO, 6.3], there exists a scheme U and a smooth U — * Q such that x 
lifts to a y e U(k(s)). Moreover, since Q — > Spec0g s is etale, U — > Spec0g s is smooth; also, 
0<j s is Henselian, so y lifts to y' e U(Og s ) |BLR90| §2.3 Proposition 5]. Consequently, y' gives 
x' e 2(0 c s )j which is a desired lift of x. □ 

Remark 4.11.2. Let i? be a Henselian discrete valuation ring with the residue field k. Given finite 
discrete G := Gal(/c//c)-modules W c V with 1/ G — > (V/W) G not surjective, the same argument 
as above produces a separated quasi-finite etale .R-group scheme that is not a closed i?-subgroup 
scheme of a commutative Neron 1ft model. 



As is suggested by the notation, we now argue the existence of a Q — * S which ha s th e desired 



properties and whose base change to Og s is Qqh . Then it follows from Proposition |2.3| that Q is 



'S,B 

not a closed 5-subgroup scheme of a commutative Neron 1ft model. We start by descending to Os, s - 
Claim 4.11.3. The open immersion of commutative 0^ s -group schemes Qqh c Qqh descends to 

an open immersion of commutative C?s jS -group schemes Qo s s c @o s s ■ Moreover, Qo s s ~^ Spec Os, s 
is finite, etale, and of order p 2 . 

Proof. Since Q h is affine, by [BLR901 §6.2 Proposition D.4 (b)], to descend it to Qq s , it suffices 

S,s 

to descend its generic fiber Q K h to an affine Qk (by the full faithfulness in loc. cit., various diagrams 
defining the structure of a commutative group scheme will descend, too). For that, since by con- 
struction Q K h corresponds to a G&l(Kg S /Kg ^-representation that factors through Gal(L' /Kg s ), 

where L'/Kg s is the degree p unramified extension inside K§ B , it suffices to find a cyclic degree 
p extension L/K inside K which is inert at s. This is possible by the Grunwald-Wang theorem 
|NSW08t 9.2.8]. 

Since Os, s — * @ss m d uces an isomorphism on residue fields (cf. 12. ip . the special fibers of Go s s an d 
QqIt. are isomorphic. Therefore, to descend Q G h to an open Og^-subgroup scheme Qo s s c Gos s > 
one removes the closed subscheme of the special fiber of Qq s s corresponding to the closed subscheme 
that was removed to obtain Q h from Qqh . 



By [A~TT1 the last sentence results from fpqc descent |EGA IV 2 1 2.7.1 (xv)], |EGA IV 4 j 17.7.3 (ii)]. 

□ 



Let Qk be the generic fiber of Qo s s , and let Q — > S be its Neron model. By Propositions |2.3| and l2.4l . 
the base change of Q to Os, s is Go s s > justifying the notation. Hence, the fibers of Q and Qo s s a ^ s 
are isomorphic, and one forms an open subgroup scheme Q a Q by removing the closed subscheme 
of the fiber at s corresponding to the one removed from Qq s a to obtain Qq s s . The base change of 



Q to Og s is Q h , so, as observed before Claim l4.ll.3l . the conclusion results from 



Claim 4.11.4. The commutative S'-group scheme Q is separated, quasi-finite, etale, and has fibers 
of p-power order. 

Proof. Since Q is an open 5-subgroup scheme of the Neron model Q —* S, the claimed properties 
will follow from the corresponding ones for Q. which are consequences of Proposition |2.9l . □ 
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5. Selmer-type descriptions of sets of torsors 



The main result of this technical section is Theorem 15.31 . which will enable us in 17.21 t o interpret 



cer tain fppf cohomology groups as Selmer groups for a Selmer st ruct ure; see Remark 1 5. 5l and Exam- 



ple |5/7| for its main cases of applicability. The notation is that of |2. ll ; in particular, S is a connected 
Dedekind scheme with the function field K. For the purpose of stating the results more clearly, we 
set Kg, s '■= FracOs^ for each closed point s e S. This is merely a notational convention, because, 



if one ignores the valuation that s gives rise to, Ks, s = K. Lemmas and l5.2l involve only local 



S, but we state them using the notation with which they will be applied. 
Lemma 5.1. Let s e S, and let F be the functor 

from the category of Os, s - a l9 eora i c spaces to the category of triples consisting of a Kg s - algebraic 
space, an 0$ - algebraic space, and an isomorphism between their base changes to Kg . 

(a) When restricted to the full subcategory of Os, s - schemes, F is an equivalence onto the full sub- 
category of triples of schemes that admit a quasi-affine open covering. The same conclusion 
holds with Og and Kg replaced by Os,s and Ks, s ■ 

(b) When restricted to the full subcategory of quasi- separated Os,s- algebraic spaces of finite pre- 
sentation, F is an equivalence onto the full subcategory of triples involving only quasi- 
separated algebraic spaces of finite presentation. If Ks lS /Ks :S is separabl^ (equivalently, 
if Os, s is excellent), the same conclusion holds with Og s and Kg s replaced by Os, s and K$, s - 



Proof. The claim is true if s is the generic point; thus, assume that Qg s is a discrete valuation ring. 

(a) This is proved in [BLR90, §6.2 Proposition D.4 (b)]. A triple of schemes admits a quasi-affine 
open covering if Xx s s = Uiei ^ an< ^ ^0§ = UieT" ^ f° r quasi-affine open subschemes U- L , 
Vi for which r restricts to isomorphisms {Ui) K h — ► (Vi) K h . 

(b) The proof is due to Brian Conrad. We first treat the case of Og s and Kg . By construction, 
Og is a filtered direct limit of local etale Os^-algebras R which are discrete valuation rings 
sharing the residue field and a uniformizer with Os s - Given a T = (Y, y, t : Y K n — ) 

S,s S,s 

with Y — » Spec Kg s and y — > Spec Og quasi-separated and of finite presentation, to show 
that it is in the essential image of the restricted F we first descend y to y' — > Speci? 
for some R as above using limit considerations of [Ols06l proof of Proposition 2.2]. Sim- 
ilarly, since Kg s = limFrac(it!), by loc. cit., r also descends to r': lFrac(_R) — * ypracfR) 
after possibly increasing R. Transporting along r' the descent datum on lFrac(i?) with 
respect to Fiac(R)/Ks tS , one gets a descent datum on 3^p rac (^, which, as explained in 
[BLR90, §6.2 proof of Lemma C.2], extends uniquely to a descent datum on y' with respect 
to R/Os,s- By [LMBOO, 1.6.4], the descent datum is effective giving us a quasi-separated 
Cg^-algebraic space X; by construction, F(X) = T, and by [SP, Lemma 041VJ, X is also 
of finite presentation. The full faithfulness of F follows from an analogous limit argument 
using etale descent for morphisms of sheaves on (Gs,s)fc t an d [LMBOO, 4.18 (i)]. 



A not necessarily algebraic field extension l/k is separable, if, setting p = charfc, either p = or l/k is linearly 
disjoint from k 1/p /k, where k 1/p = {x e fc alg | x p e k}. 
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The argument for Os, s and Kg >s is similar. By Neron-Popescu desingularization |Swa98| 
Theorem 1.1], Og yS is a filtered direct limit of smooth Og ) ^-algebras L; then one also has 
Ks, s = limL ®o s a Ks,s- Let a L be the preimage of the maximal ideal of Og :S ; 
then mi is a maximal ideal sharing the residue field with Og iS an d Og tS . By [BLR90, 
§2.2 Proposition 14], for any such L there is a local etale Cg^-algebra (Rl,*l) which is 

a discrete valuation ring admitting an Os^-homomorphism L — ^* Rl, /£ 1 (xl) = triL that 
induces an isomorphism on the residue fields. For the essential surjectivity of the restricted 
F, we first descend to some L as before, then pullback to Rl, at which point the argument 
of the previous case applies. Similarly, the only difference in the proof of full faithfulness is 
the pulling back to Rl step. □ 

Lemma 5.2. Let s e S, and let Q be a flat, of finite presentation, and quasi- separated Os, s -group 
algebraic space. If the horizontal arrows in 



(cf. \A.3\) are infective, then the square is Cartesian. The same conclusion holds under analogous 
assumptions with Og s and Kg s replaced by Og jS and Kg )S , if either Q is a quasi-affine Og tS -group 
scheme or Kg^ s /Kg )S is separable (the latter is equivalent to Og tS being excellent). 



Proof. We first treat the case of Og s and Kg s . By |A.3| . we need to show that every ^^ Ss -torsor 

1~K S s which, when base changed to Kg s , extends to a Q g h -torsor T G h , already extends to a 

<7-torsor T — * Spec Og tS . By Lemma l5.ll and |SP1 Lemmas I041N|, 1041V] . Tqh descends to an 

C 5iS -algebraic space T-which is fppf by lATTI and [SB Lemmas pTQ] I041W1 ifltlTj . By the full 
faithfulness in Lemma l5.ll . various diagrams defining the ^-action descend, too. Since T has a 
section after the base change by the fppf T — ► SpecC^s, to check that it is a ^-torsor it suffices to 
argue that 

G x o s .s T^T x 0ss T, {g, t) h-> (gt, t) (6) 
is an isomorphism. That this is the case can be seen after the base change by the fpqc (cf. IA. 1 1|) 
SpecO| s Spec0 5 ,s [SB Lemma ESY] • 



In the analogous proof for Os,s and Kg tS one appeals to Proposition A.6l to apply Lemma 5.1 . □ 



Theorem 5.3. Suppose thatQ is aflat, of finite presentation, and quasi- separated S-group algebraic 
space. If the horizontal arrows in (the products are indexed by the closed points of S) 



H fppf 



(s,gy 



>H} ppi (K,g K ) 



(7) 



>YlsHl pi (Ks,s,GK s 



YlsH} ppi (o s , s ,gosJ c - 

( cf. \A.3\) are infective, and if in addition 

KA V ^v) - H} ppi (K,g K ) (8) 
from \A.3\ is injective for every nonempty open V a S, then (]7|) is Cartesian. The same conclusion 
holds with Os,s and Ks, s replaced by Og and Kg (resp., Os,s andKg^ s ), if one assumes in addition 
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that the bottom horizontal arrow in ([7]) stays injective when Os, s an d Ks, s are replaced by Og and 
Kg s (resp., Os, s an d Ks,s) and, in the case of Os, s an d Ks,s> that for each closed s e S either 

(i) Go s s * s a Quasi-affine Os, s -9 r oup scheme or 

(ii) Ks t s/Ks, s is a separable extension (equivalently, Os, s is excellent). 



Proof. By Lemma 1 5. 2| , assuming injectivity of the bottom horizontal arrow, the diagram 

U s Hl pi (Os, s , Qo 3 , 3 r > Us Hi p{ (Ks, s , Qk s , s ) 



lis H fpp{ ( K S,s> ®k% , 



is Cartesian, and likewise for Os,s and Ks,s- It remains to argue that ([7]) is Cartesian. 

By IA.3| we need to show that every C/if-torsor J~ K which extends to a Qo s s -torsor To Ss f° r ever y 
closed point s £ S, already extends to a C/-torsor T ■ Since Tk inherits quasi-separatedness and 
finite presentation from Qk, by [Ols06[ Proposition 2.2 and its proof] and |LMB00| 4.18 (i)], for 
some open dense U a S we spread out Tk —* Specif to a Tv —> U which is faithfully flat, of finite 
presentation, has a ^-action, and for which the analogue of ([6]) over U is bijective. Consequently, 
Tij —* U is a Qu-toisoi. 

It suffices to show that we can increase U by extending Tjj over some s e S — U; iterating this, 
we will extend Tk to a desired ^-torsor T — » S. Analogously to how it is done above, spread out 
To s s to a C/iy-torsor Tw over some open neighborhood W a S of s. Since (|8|) is injective with 
V = U n W, the torsors Tu and Tw are isomorphic when base changed to U n W. Glueing them 



we extend 7[/ to a desired 7^ 



r/u{s}- 



□ 



Remark 5.4. The assumption (ii) holds in the main cases of interest, namely, when S is (a 
nonempty open subscheme of) a smooth proper curve over a finite field or the spectrum of the 
ring of integers in a number field (see, for instance, [Liu02 ; 8.2.40]). 



Remark 5.5. We will apply Theorem 15.31 with Q = A[(p] assuming the setup of 13.11 and also that 
A has semiabelian reduc tion at all closed points s e S wit h ch ar k(s) \ deg <j). With this Q, the 
assumptions of Theorem |5 .31 are satisfied due to Proposition |2.3| . Corollary 3.10 . and Theorem 4.1 . 



Remark 5.6. Due to Proposition 14.41. an oth er po ssible choice for Q is any commutative finite flat 
S-group scheme. Due to Propositions 2J3 and 2. Ill at l east if (ii) holds, one could also take Q t o be 



a commutative Neron model, as we do in Example 15.71 . Note, however, that part |(b)| of Lemma |5.1 
is needed for this choice of Q. 

Example 5.7. Suppose that S is a smooth proper curve over a finite field or the spectrum of the 
ring of integers of a number field. Let A be an abelian variety over K, let A — * S be its Neron model, 
let v denote a place of K, let K v be the corresponding local field, let O v be its ring of in tege rs, and 
if v \ oo, let c v be the corresponding local Tamagawa factor of A (cf. 16. 6p . By Remarks |5.4| and |5. 
and Theorem 1 5. 3l . the diagram 



^H l {K, A) 



IXtoo H{ ppi (O v ,A 0v Y > ELtoo H l {K v , A) 



20 



is Cartesian, and we conclude that HL JS,A) c H (K, A) contains the Shafarevich-Tate group 
UI(A/K) = Ker(H 1 (K, A) Y[ v Hl ( K v,A)). We can also bound the index: as will be proved in 
Lemma [6J, ## fppf {O v , Aq v ) = c v , so 

[Hl ppi (S,A) : UI(A/K)] ^ Y\c v Yl #H\K V ,A) ^U c - U 

v\oo v real v\co v real 

where the last inequality follows from [Mil06, 1.3.7]. In particular, the conjectural finiteness of 
IU(A/K) is equivalent to that of Hf ppi (S,A). This relation is not new: similar observations are 
made in |Maz72[ Appendix] and [! McC86l Lemma 5.9] by computations involving various cohomology 
sequences. 



6. Images of local Kummer homomorphisms as flat cohomology groups 
6.1. The image of the Kummer map. Assume that k is an arbitra ry fie ld, and 4>: A — > B is 



an isogeny of abelian varieties over k. With S = Spec k in Proposition l3.1^(a)| we find an exact 
sequence 

-+ A[<f>] -^A^>B^0 (9) 
of represented sheaves on (Spec fc)f pp f . Its long exact cohomology sequence gives the Kummer map 
B(k) — ^> Hi r (k, A[(j)]), and we consider its image B(k)/(j)A{k) ^ImK^c H^ pp{ (k, A [c/>]). 

If char k \ deg (p, then, by inspecting the dual isogeny, we find that <f) induces an isomorphism on 
Lie algebras, and hence is etale |BLR901 §2.2 Corollary 10], |SGA 3i[ Expose IVb, Proposition 1.3]. 
In this case, <f> is an etale surjection, (|9|) is exact in (Spec&W, and A[(p] is a finite etale A;-group 
scheme. The identifications of 11.141 give 

Hf ppi (k,A[4>]) - Hl(k,A[^H\k,A[<p\), (10) 

which restrict to identifications of the images of Kummer maps. 

6.2. The setup. For the rest of this section, let S = Speco for a Henselian discrete valuation ring 
o, let k = Frac o, let F be the residue field of o, let s be the closed point of S, let i : SpecF — > Spec o 
be the corresponding closed immersion, let </>: A — » B be an isogeny of abelian varieties over k, let 
A[(p] be its kernel, let <j>: A —* B be the corresponding homomorphism of their Neron models over 
S, let A[(f>] be its kernel (note that ^4[^>]fc = ^4[^]), and let, by abuse of notatio n, 6 : A s —* B s be 
the homomorphism induced on the special fibers. For example, by Proposition |2.3| . this situation 
could arise from that of 13. II after the base change to Og s or Os, s , where s £ S is a closed point. We 
also denote by and &b the etale F-group schemes of connected components of A s and B s and 
use various open subgroups of A and B constructed in 13.21 



6.3. The three subgroups of interest. The first one is Im/t^, cz Hj ppi (k, A[<p]) from 16. ll 

To exhibit the second one, we assume that A has semiabelian reduction if charF | deg (p. Then 
the second subgroup is the image of Hj ppi (o, A[4>]) —> i^^ pf (fc, -A [</>]). By Corollary 3. ldl and Theo- 



rem 



4. ll . a is injective, which lets us identify HL f (o,A[<l>]) = Ima cz H^ ppi (k, A[cj}]). 



To define the third subgroup we assume that char k \ deg^>, use H^ ppi (k, A[<p]) = H l {k, A\cf)\) from 
6-H and take the unramified cohomology subgroup H^ r (k, A[<p]) cz H 1 (k, A[(f)]). Recall: 

HUk,A[<f>]) := Kex(H 1 (k,A[(f)]) ^» H 1 (k sh , A[(f>])) , (11) 
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where k sh := Fraco s/ \ If o is the ring of integers of a nonarchimedean local field k, then k sh is its 
maximal unramified extension, and (jlip recovers the usual unramified cohomology subgroup. 



The first subgroup appears in the definition of the i^-Selmer group, whereas the second (resp., third) 
only depends on the o-group scheme A[(fi] (resp., Gal(/c//c)-representation hence should 

be more amenable to stu dy. We inves tigate Im ka, by exploring its relations with the other two 
subgroups in Propositions 6JS and 6. id . 



Before proceeding to Proposition 16.81 . we record several lemmas that will be used in the proofs. 

Lemma 6.4 (Lang). Let ¥ be a finite field, and let G be an algebraic group over ¥ (i.e., a finite 
type smooth ¥ -group scheme) which is connected and commutative. Then H l (¥,G) = for i > 1. 



Proof. For i = 1 the claim is true even without the commutativity assumption [Lan56 : , Theorem 2]. 
Also, since H i (¥,G a ) = for i > 1 |Ser79j X.§1 Proposition 1], in addition to % 5= 2 we assume that 
G has a trivial unipotent radical, and hence is a semiabelian variety. In this case, multiplication 
by every n ^ 1 on G is surjective and quasi-finite, so the conclusion follows from H l (¥,G) being 
torsion and F having cohomological dimension 1. □ 

Lemma 6.5. Let ¥ be a field with Gal(F/F) s Z, and let M be a finite discrete Gal(F/F) -module. 
Then #H°(¥,M) = #F X (F,M). 



Proof. Since Gal(F/F) = Z, this is a consequence of the Herbrand quotient of a finite module being 1 
|Ser79l VIII.§4 Proposition 8], and the maps in H 1 (¥, M) = lim n H l (¥ n /¥, M Gal ( f / F ")) being 
injections coming from inflation-restriction sequences. □ 

6.6. The local Tamagawa factors. That of A is ca '■= # < I ) a(F), i.e., it is the number of rational 
components of the special fiber of the Neron model A. Similarly, the local Tamagawa factor of B is 
cb '■= #^b(F). Of course, if A and B have good reduction, then A and B are abelian schemes, so 
CA = cb = !• Note that cj> gives exact sequences 



o - $aM(f) -^(f) - (<K$aW) - o, 

- (<M$a))(F) -$ B (f) - ($ B M$ A ))(F) - 
of Gal(F/F)-modules, from which 



(12) 



# ^ (F) jmL^#(^)(n (13) 



#(^($ A ))(F) " L " JV " #(<H<M)(F) V^(* 

Lemma 6.7. Lei T cz 6e a subgroup scheme and suppose that F is finite. There is a natu- 
ral isomorphism H^ ppi (o, A T ) = i? 1 (F, T); moreover, H^ ppi (o,A r ) = /or i ^ 2. In particular, 
#H} ppi (o,A r ) = #T(¥). 

Pro of. T his follows from the long exact cohomology sequence of -> .4S — Al -> T — 0, rroposi- 



tion lA.2)(b)| and Lemma |6.4| (see also 11.141 regarding various cohomology identifications) . □ 



We now compare the subgroups Im k^, H^ ppi (o, A [(f)]) cz H^ ppi (k, A[(f)]) defined in 16.31 
Proposition 6.8. Suppose that ¥ is finite and that A has semiabelian reduction z/charF | degc 
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(a) Then 



# 



# 



Im^ \ #<S> B (F) m ( _*B_ \ m 



^fp P f(°^M) nlm^y #W>(<J>a))(F 



" lU) < #$aM(F). 



In particular, #(<£($ A ))(F) | #<M F ) and #(</>($ j4 ))(F) | #$b(F) (Ue /atter zs a/so c/ear 
from (fl~2l)). 

f&) There is an injection (this gives some information about the group structure of the source) 



(F). 



(cj If deg (f) is prime to cb , i/ien$^(F) = (^»($ J 4))(F), and hence, by (a), Im/t^ c Hi Jo, A[4>]). 



(d) If deg <p is prime to ca, then^A^) = {<ft(^A))(^), and hence, by (a), H^ pp{ (o , A[4>]) c imfi^. 

(e) If deg (p is prime to cacb, then hnn^ = Hf pp{ (o , A[4>]) . 

Proof. 

(a) Only the equalities require proofs. 



The short exact sequence — * ^4[<?i] — ► A - 
with IA,S|(b)[ give the commutative diagram 



a) 



of Proposition l3.1^(a)[ together 
>^)( )/<M(o) >H} ppf (o,A[J>]) >Ker(H} ppi (o,A) L H} ppi (o,B^)) >0 



->■ B{k)/4>A(k) 



~* Hl pp{ (k, A[4>]) 



^H} ppi {k,A)[4>} 



■+0, 



where the injectivity of the vertical arrows follows from Corollary 3, id and Theorem 4T. By 
Lemma [gj, / identifies with H l {¥,<$> A ) ^* H 1 (W A )) induced by <b: moreover, h is onto. 
S-ce m H} r tTl - Ker / S Ker h, we get 



# 



/ f P pf(°'- 4 M) riim 



#Ker/i 



#il 1 (F, E3 #^(F) 



3p P f(°>- 4 ^) nIm 'W ^(F,^)) #(0(^))(F) 

giving one of the desired equalities. On the other hand, 

Im^ B{k)/4>A{k) B{o)/4>A{o) B{o) 







H^ pt (o,A[ct)]) nlm^ B*(**)(o)/M(°) B*(*^(o)/M(o) B#**)(o)' 

The long ex act etale cohom olog y sequence of B^) ^b~^ ».(*b/^(*a)) 
Proposition 13.51 and Lemma 6/7 give the exact sequence 



0(o) 



(F) 



(14) 
from 

(15) 
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where we have used the exactness of i* for the etale topology to obtain the last term. 
Combining (fH|) and (|15p yields the remaining desired 



lm K4 , \ #($sM$ A ))(F)-#F 1 (F,^) E3 #$b(F) 



^ pf (o,^])nImK / #fri(F,0(* A )).#ITi(F,* B /0(* A )) #(0($ A ))(F) ' 



(b) This follows from (fTD and (fT5j). 

(c) By inspecting the dual isogeny, (deg 4>)(<&b) c 4>(&a), so if deg(^> is prime to #<I>b(F), then 

$ B (F) = (deg0)(* fl (F)) c ((deg0)(* B ))(F) c 0($ A )(F) c $ B (F), 
and hence $ B (F) = (<£($ A ))(F). 

(d) By inspecting the dual isogeny, $ A [0] cz [deg 0] , so if degcj) is prime to #<& A (F), then 



$ A [0](F) = 0. In this case, #<3? A (F) = #(0(<& A ))(F) by (a) and therefore the injection 
$ A (F) (</>($ A ))(F) from (I12p is an isomorphism. 



(e) Combine (c) and (d) □ 



Re mark 6 .9. In the case when dim^4 = 1, and cj> is multiplication by a prime power, Proposi- 
tion [63(e)] has already been observed in |MR12[ Proposition 5.8]. 



We now compare the third subgroup H^ T (k, A[<p]) cz H l (k, A\<f>\) of !6.3l to Irn/t^, and fljL p f (0, .A [</>]): 
Proposition 6.10. Suppose that char A; { deg</>. 

(a) The Neron model Q — * Speco o/^4[0] — > Spec A; exists and is etale. 

(b) The map Hj ppi (o,G) — * H 1 ^, A[cj)]) (cf. (|10p ) is an isomorphism onto H} lT (k, A [</>]). 

(c) The image of H} pp{ (0, A[(j)]) -» H l (k,A[(fi\) (cf. contains H^(k,A[(f>]). 

(d) One has H^ r (k, A[<fi]) cz Ixnn^, if one assumes in addition that 

(i) F is finite, 

(ii) A has semiabelian reduction if char F | deg</>, and 

(Hi) deg0 is prime to ca or, more generally (cf. Proposition ] 6. $(d)\ ), #$a(F) = #(</>($ A ))(F). 

(e) //charFfdeg^ then H^o, A[4>]) = A[cj>}). 

(f) One has Im/c^ = H^ ppi (o , A[(j)]) = H^ r (k, A[cp]), if one assumes in addition that 

(i) F is finite, 
(ii) char F \ deg 4>, and 



(Hi) deg0 is prime to cacb or, more generally (cf. Proposition 1 6. cf(c)\ and \(d)\ ), #<I? A (F) 
#(0($ A ))(F) = #<MF). 



Proof. 



(a) Bv l6.1| if char k \ &eg<p, then A[<p] is etale, hence the conclusion by Proposition |2. 9 

(b) This is a special case of Proposition |2. 12l (see also Remark 2.131 ). 
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(c) Due to |(b)| it suffices to argue that there is an o-morphism Q — > A[4>] inducing an isomor- 
phism on generic fibers. Bv l3.1| A[(p] is a cl osed subgroup of A, so it contains the sche matic 



image % of A[(j)] —* A, and, by Proposition 12.61 . Ti^ = A[(f>]k- We conclude by Theorem |2. 8 
because by 12.71 the group smoothening Q — > % is an isomorphism on generic fibers. 



(d) By Proposition l6.q(a)| Hf ^(o, A[(j)]) c ImK^, so the conclusion results from (c) 



(e) This follows from|(b)] because if charFf deg</>, then Q = A[(f>] by Corollary l3.1ll . 



(f) By Proposition l6.q(a)| Im/t^ = Hf ppi (o, A [</>]), so the conclusion results from (e) □ 



Remark 6.11. A well-known lemma of Cassels |Cas65| Lemma 4.1] gives Im /t^ = H^ r (k, A[cp]), if 
A; is a local field, char F { deg cf>, and A has good reduction. Proposition |6 . icj(f ) | generalizes this result 
by allowing more general k and arbitrary reduction types, as long as the requirement char F { deg 4> 
is maintained and one assumes that ca and cb are prime to deg(f> (in the case of good reduction, 
ca = C B = !)• I n the case of elliptic curves, i.e., dimvl = 1, the generalization allowing arbitrary 
reduction types has also been observed in |SS04|, Lemma 4.5]. 



7. Selmer groups as flat cohomology groups 



Assume the setup of 13.11 taking if to be a global field. If if is a number field, take S = Spec 0k, 
where Ok is the ring of integers of if; if if is a function field, take S to be the smooth proper 

curve with function field if. Recall that A — > B is an isogeny between abelian varieties over if, 

and A B is the induced homomorphism of their Neron models over S. Denote by v a place of if, 
and by K v the corresponding local field. If v \ oo, then O v is the ring of integers of if„, and F„ is its 
residue field; v corresponds to a closed point s e S, and, in the notation of 12. H K v , O v , and ¥ v are 
Ks,s> Os,s) and k(s). Set A v '■= A s and B v := B s , and let &a,v and &b,v be their F^-group schemes 
of connected components. Let ca,v '■= ft&A^i^v) and cb,v '■= i^&B.vi^v) be the local Tamagawa 
factors. These are 1 at all places where A and B have good reduction fsee !6.6p . Set (j) v := cp s , and, 
by abuse of notation, denote the induced homomorphism <&a,v —* &B,v by cp v as well. 

7.1. Selmer structures. Let M be a finite discrete Gal(if /K )-module. A Selmer structure on 
M is a choice of a subgroup of H 1 (K v , M) for each place v such that for all but finitely many 
v the unramified cohomology subgroup Hl r (K v ,M) c ^(Ky.M) is chosen. The Selmer group 
of a Selmer structure is the subgroup of H 1 (K, M) consisting of those cohomology classes whose 
restrictions to every H X (K V ,M) lie in the chosen subgroups. This definition differs from [MR07, 
Definition 1.2] only in that we do not require M to be an ¥ p - vector space for some rational prime p. 

7.2. The two Selmer structures on the kernel of 4>. Assume that char if \ deg(/>. Bv 16.11 
A[(p] — > Specif is finite etale, so we identify it with the associated Gal(if/if ^representation 
A[4>](K). 

The first Selmer structure on A[(p] is obtained by taking the images of the local Kummer homo- 
morphisms ImKsv cz H^{K V ^ ^4 [</>]) (cf. 16. ip for the defining subgroups. The corresponding Selmer 
group is by definition the (p-Selmer group^\ Seb,(A/if) c H l (K , A[<^)]). 



In general, without the assumption char K \ deg 4>, the 0-Selmer group is defined as the subgroup of those elements 
of -fffppf (K, A[(p]) whose restrictions to every H} pp{ {K v , A[</>J) lie in Im/t^ (the latter is Im^ of 16.11 with o = O v ). 
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The second Selmer structure on A[(f>] is defined, only if one assumes in addition that A has semi- 
abelian reduction at all places v \ degcj) (t here is no assumption, o ther tharJl char/f \ deg(j), if 
char K > 0). In this case, using Proposition |2,3| . 16.31 and Proposition 6.ld (e)l one takes 



Hl pf (O v ,A[<f>] 0v ) c Hl^K^A^VHHK^A^]), if v too, and 
H\K v ,A[<f>]) czH^K^Aty]), if v | go, 



(16) 



for the defining subgroups. By Theorem 15.31 and Rem ark 15.51 . the corresponding Selmer group is 
H{ ppi (S,A[(j)]) c H l (K,A[4>\) (one uses Corollary [3T0| to identify H} ppi (S, A[(j)]) with a subgroup 
of if 1 (if, A[<p]) via the injection from Theorem k.ll ). 



In this section, building on the local analysis of Propositions |6 .81 an dl6.10l . we investigate the relation 
between the two Selmer structures. We determine in Proposition 17-EKeJI sufficient conditions under 
which they agree. In their presence, we therefore interpret th e ^- Sel mer g roup as a flatcohomology 
group. Similar considerations lead to the proofs of Theorems ll.il and ll.5l in Theorems 17.81 and 7.10 . 



Lemma 7.3. Let (f>: A — > B be an isogeny of abelian varieties over R. Endow A(R) and B(R) 
with the real topology, and let cp(R): A(R) -> B(R) and Tr ((j>(R)) : ir (A(R)) w (B(R)) be the 
induced homomorphisms of commutative compact real Lie groups and their component groups. Then 
#Coker</>(R) = # Coker 7r (</>(R)) and ftH^R, A[(j>]) = ##°(R, A[(j>]), where H i signifies Tate 
cohomology groups. Both cardinalities are 1, ifdeg(j) is odd. 



Proof. Let ^4(R)° and S(R)° be the connected components of the identity of A(R) and B(R). 
Since t4(R)° is a commutative compact real Lie group which is also connected, consideration of 
the exponential homomorphism gives A(R)° =s (R/Z) dimA |Bou821 §1.2]. Similar remarks apply to 
i3(R) , and inspection of the dual isogeny yields the surjectivity of c/>(R)° in 

+ 7r (A(R)) >0 

7T0(<KR)) 

>7T (-B(R)) >0. 

The first equality now follows from snake lemma. The second one results from the periodicity of 
Tate cohomology and the Herbrand quotient of a finite module being 1, cf. [Ser79, VIII. §4]. For 
the last sentence, ^(R,^]) is killed by both # Gal(C/R) = 2 and #A[4>](C) = degcj), and has 
Coker (j)(R) as a subgroup. □ 

Remark 7.4. Recall that H°(R,A[4>]) = Coker (iV c/IR : A[4>](C) -> A[4>](R)), where N c/R is the 
norm map. Thus, Lemma [7jl expresses # Coker </>(R) and #i? 1 (R, j4[</>]) in terms of quantities that 
are easier to compute with. 

We now compare the two Selmer groups of !7.2l both quantitatively and qualitatively: 
Proposition 7.5. Suppose that A has semiabelian reduction at all v \ oo with charFj, | deg(j). 



► A(Rf ► A(R) 




> B(R)° > B(R) 



We assume that char K \ deg </> only to be able to work with Galois cohomology and talk of a Selmer structure. 
If char A" | deg<^> and A has semiabelian reduction everywhere, the description of H} ppi {S, A[(f\) c H} ppi (K, A[(j}]) as 
the subgroup obtained by imposing the local conditions Hj vp{ (O v , A[(j>]o v ) c Hl pp{ (K v , A[(f}]) continues to hold. 
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(a) Using Corollary 3. id and Theorem £A to identify HL JS, A[(J)]) with a subgroup ofHhJK, A[(ft]), 



Sel^A/K) \ < n #$b,„(F 1) ) 

Hl pi (S,A[<l>]) n Sd+iA/K) ) ^ H #(M*A,vWvy 

H} pp{ (S,A[cft]) \ < n #<& A|1J (F„) n #£°(i^,A[c/>]) 

^pf(^^M) n Sel^/iQ J ^ 11 #{<K*a,v))(Fv) v \l al #Coker ' 

2|deg0 

where t he l ast product runs over the real places if 2 \ deg(j), and is 1 if 2 \ deg0 (see also 
Lemma \l. A for the notation concerning the real places). 

(b) There is an injection 

Sel^A/K) / <f> B 



H^AmnSel^A/K) ^ 

(c) If deg (ft is prime to c B , v , then Sel^A/K) c H^ pf (S, A[(f)]). 

(d) If deg (ft is prime to Ylv\co C A V an< ^ e ^her K has no real embeddings or 2 \ deg0, then 
H} ppi (S,A[<ft])czSe\^A/K). ' 

(e) If deg (ft is prime to T\v\<x) C A,v c B,v> an d either K has no real embeddings or 2 \ deg(ft, then 
Hf ppi (S, A[(ft]) = Sel ( f ) (A/K). If in addition, char K \ deg0, then the two Selmer structures 
of Xi.'A coincide. 



Proof. 



(a) By Theorem 15.31 and Remark 15.51 . H^ ppi (S, A[(ft]) a Hh f (K, A[(ftJ) is cut out by local 
conditions H} ppi {O v , A[(ft}o v ) c H} ppi (K v , A[(ft} Kv ) for v \ go. Similarly Sel^A/K) c 
HL JK,A[<ft]) is cut out by local conditions liriK^^ a { (K v , A[(ft]x v ) for all v (cf, I7.2|) . 
Therefore, 

Sel^A/K) ^ -p-r Im k^ v 

H} ppl (S,A[4>]) n Sel^A/K) ^ 1 1 H} pp ,(O v , A[<ft]o v ) n Im^' 

Hl ppf (S,A[<ft]) Hl p{ (O v ,A[cft]o v ) (17) 

* 1 1 rr i 



fl^S^M) n Sel^/#) V ff f ; pf (a^Mo„) n Im^,' 

where H} pp f (O v , .4 .[0]e^ ) := H\K V , A[(ft]), if w | oo. The conclusion follows from (H 
Proposition l6.Sj(a)[ and Lemma 17.31 . 



(b) This follows from (fT7|) and Proposition l6.£|(b)j 

(c) This follows from (|17|) and Proposition l6.S|(c")j 

(d) This follows from (fTT|) and Proposition l6.q(d)] 



(e) Combine (c) and|(d)| The last sentence follows from Proposition l6,q(e)| □ 



Remark 7.6. Analogously to how it is done in Proposition |6 . q[a)j the bounds of Proposition \7. EJ(a)| 
can be relaxed using (|13p . possibly yielding right hand sides that are easier to compute in practice. 
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Remark 7.7. Simila rly to P roposition l6.1C)(d)| and (f) the assumptions on the local Tamagawa 
factors in Proposition l7.Ej(c")j |(d)| and (e) can be weakened to require instead that for all v \ oo, 

#$ B ,„(F V ) = #(0 o (*a )V ))(F«), 
#*X, W (F„) = and 

respectively. 

Theorem 7.8 (Theorems |l.5l and l.ld ). Suppose that char.fr > and that 

(i) charfT \ deg</>, 

(ii) deg</> is prime to Yi v \ oo °A,v cb,v or , more generally (cf. Proposition \6.<$(cJ\ and [(d)\ ), 



Then the <f>-Selmer group Se\s{A/ K) a H 1 ^, A[<p]) is determined by the Gal (K /K) -module A[<f)](K). 
In fact, it consists precisely of the everywhere unramified cohomology classes of H 1 (K, A [(j)]), and 
Sel^A/K) = Hl pt (S,A[</>]) inside H^K, A[<f>]). 



Proof. Indeed, due to Proposition l6.1C)(f)| the defining subgroups for the two Selmer structures of 
17.21 are given by the unramified subgroup at every place v. □ 



If L/K is a finite extension, and w is a place of L, we employ notation analogous to that introduced 
in the beginning of this section for the case L = K; namely, we replace K, v, A, B by L, w, Al, 
Bl in all the definitions there. For instance, if w \ oo, then ca, w an d cb, w are t ne local Tamagawa 
factors of A t, and Bl at w (it would be more precise to write ca l , w and cb l w)- Before proceeding 
to Theorem I7.1G we record a well-known lemma that will be used in the proof. 



Lemma 7.9. Let o be a Henselian discrete valuation ring of mixed characteristic (0,p), let k : = 
Fraco, let e be the absolute ramification index of R, and let Q be a commutative finite flat o-group 
scheme. Assume that e < p — 1. Then Q is uniquely determined by Qk- 



Proof. Grouping the factors of Lemma 14.71 of /-power order together, we are reduced to the case 
when Q is of prime power order. If Q is of p-power order, this is a theor em of R ayna ud |Ray74 
Theoreme 3.3.3]. If Q is of prime to p order, this follows from Propositions \2.4 and A. 8 . □ 



Theorem 7.10 (Theorems 1 1 . ll and 1 1 . 

L/K satisfying 



Suppose that K is a number field, and fix a finite extension 



(i) A has good reduction at all v \ deg^, 

(ii) degi^ is prime to Y\w\oo c A,v> c B,w or , more generally (cf. Proposition \6.<$(c)\ and [(d)\ ), 



#$A, w (Fw) = #(0«,(*A,«))(F w ) = #*B,™(F 10 ), 



(Hi) For every rational prime p with p \ deg(j), one has e p < p — 1, where e p := m&x v \ p e v and e v 
is the absolute ramification index of a nonarchimedean place v of K. 

Then the <f>-Selmer group Sel^^l/L) cz i? 1 (L, -A[<^>]) is determined by the Gal(L/ K) -module A\_<fi\(U). 
In fact, the local conditions defining Sel(j,(A/L) c H l (L, A\4>\) vanish at the Archimedean places, 
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and for nonarchimedean w are given by the unramified cohomology subgroup 

H^.(L W ,A[4>]) c JT^LtujAM), i/ to \ deg 0, and by 

JED i ( 18 ) 
^(O^^JoJ c F 1 ^,^]), i/u, | deg<A, 

where in the latter case A\(p\o w *s determined by the Gal(L/K) -module A[<p](L), because if w \v, 
then A\(p\o v is the unique commutative finite flat O v -group scheme with the generic fiber A[(f\K v - 

Moreover, let A' — > B' be the homomorphism induced by cf> between the Neron models of A and B 
over O l , and let A'[(f>] be its kernel. Then Sel^A/L) = Hh f (0 L , A' [(/>]) inside H l (L, A[cj)\). 

Proof. It suffices to show that the two Selmer structures of 17.21 on the Gal(L/L)-module A[t/>](L) 
coincide, and that their common defining subgroups are as claimed (namely, given by (fT8|) for w \ oo). 



For w | oo, both defining subgroups vanish because (hi) implies that 2 { deg(f>. 

For w \ oo, the two defining subgroups ImK^, Hj ppi (O w ,A'[(j)]o w ) c ^(Lw, A[(p]) coincide by 
Proposition jjjg] By 1731 this already gives Sel^A/L) = H} ppl (0 L ,A'[<p]). 

For w \ oo and w \ deg eft, by Propositions 12.31 and l6.1Cj(f)[ 

1m = Hl ppi {O w ,A'[^]o w ) = H^.{L W ,A[4>]). 

For io | deg<f>, to finish the proof we need to show that A'l^o^ = *4.[^]e> m > and t hat, if w | v, 
then «4[0]e>„ has the claimed uniqueness property. The latter follows from Lemma I7.9I . once we 



argue that «4[^>]o^ — * SpecO^ is finite flat. By Proposition |2.3| . Aq v — ^ Bo v is the isogeny 
induced by <f> on the Neron models over O v \ h ence, A[0]o^ is its kernel, which is proper because 
so is Aq v —* Spec0„. Thus, by Co rolla ry 3. id and |EGA IV3 8.11.1], .A[</>]c5„ is finite flat. As for 



•^'Mo,,, = A[</>]o w , by Proposition |2.3| . A'[0]o m is the kernel of the homomorphism induced by (j) 
on the Neron mode ls over O w . So is «4[^>]o tt = (A[4>]o v )o w , because Aq v and Bq v are proper, so, 
by Proposition \2.4 . their base changes to O w are also Neron models. □ 

Appendix A. 

Let S be a scheme. For convenience of the reader we recall several well-known general facts from 
algebraic geometry, mostly concerned with 5-group algebraic spaces and their torsors. 

Lemma A.l. Let O be a Henselian local ring, let a c O an ideal, and let X be a smooth O- 
algebraic space. If X is not a scheme, assume that it is quasi-separated. Then the natural map 
X(0) -> X{G/a) is surjective. 

Proof. We include a proof for the lack of reference. Assume that a O, let o be the closed point of 
SpecO (or of SpecO/a), and fix a b e X(0/a) which we want to lift toaBe X(0). 

Assume that X is a scheme. By the local structure theorem for smooth morphisms [BLR90, 
§2.2 Proposition 11] applied at 6(0), we can assume that X — > SpecO factors through X —>■ A^, 
with u etale and separated. We can lift u o b e A^,(C/a) toace Aq(0) and hence reduce to X 



being etale and separated over O. In this case, by |EG A IV4 18.5.11 (c) and 18.5.15], one takes 
B e X(0) to be the unique section with B(o) = b(o). 

In the general case, by [LMBOCH 6.3], b\ Q lifts to a c e U(o) with U a smooth X-scheme. By the 
surjectivity in the scheme case, c £ (U y~x,b 0/a){o) gives rise to a lift d e U(0/a) of 6. Since U is 
a smooth 0-scheme, d lifts toaDe U(0) and one takes B e X(0) to be the image of D. □ 
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Proposition A. 2. Let j : Sf pp f — > Set be the canonical morphism of sites. Let Q be a smooth 
commutative S-group algebraic space. If Q is not a scheme, assume that it is quasi- separated. 

(a) Then YL n j*Q = for n ^ 1, and the natural maps H^ t (S, j*G) — > H l {p AS,Q) are isomor- 
phisms. 

(b) If S = SpecO with O a Henselian local ring with residue field k, then the 5-functorial 
cohomology pullback maps H^ ppi (0, Q) — > H^ ppi (k, Qk) are isomorphisms for i ^ 1. 



Proof. One invokes |Gro68, 11.1 et 11.7] with U = Q, using Lemma lA.ll to check condition (L). 
When (R) in loc. cit. is modified by assuming U to be representable by a smooth algebraic space 
containing the zero section, the proofs continue to work with the following caveats: 

1. In 11.4 one assumes in addition that Xq 0. 

2. On p. 175, C l (J7) is a smooth X-algebraic space by |SP| Proposition 05YF and Lemma 04AMJ. 

3. On p. 177, the required quasi-coherence of N is argued as follows: let a: Xq — > U be 
the zero section; by |SP1 Lemma I061CI and Remark 061DJ, in the notation of loc. cit., 
T-Lomo Xo {a*£lu jx,Cx /x) = N % and the conclusion follows from |SP1 Lemmas 05ZF and 03M1J. 

4. To obtain 11.7 2°) and 3°) one assumes in addition that (L) and (R) hold for every Henselian 
(but not necessarily strictly Henselian) local X-scheme X. □ 

A. 3. H 1 and torsors. Let Q be an S-group algebraic space, and suppose that Q — > S is fppf. 
Recall that if Q is commutative, then the elements of the cohomology groups HL { (S, Q) can be put 
in bijective correspondence with fppf torsors T under Q, under which the trivial torsor corresponds 
to the identity element, and the cohomology pullback maps for i = 1 identify with the base change 
of torsors: T >-> T x 5 S' (cf. |Gir71l III. 3. 5. 4, III.2.4.2, III. 2. 4.5 et V.l.5.3]). Thus, without the 
commutativity assumption, one writes Hj ppi (S, Q) for the set of isomorphism classes of fppf torsors 
under Q, and understands that H^ ppi (S,Q) is functorial in S by base change. 

Proposition A. 4. Let Q be an S-group algebraic space, and suppose that Q — » S is fppf. Then any 
fppf torsor T under Q is representable by an fppf S-algebraic space. 

Proof. Since being an S-algebraic space is fppf local |SP[ Lemma 04SK], T is an S-algebraic space. 
Similarly, being fppf is fppf local on the base |SP| Lemmas 041Q, 041W, 041TJ, so T — * S is fppf. □ 

Proposition A. 5. Let Q be an S-group algebraic space, and suppose that Q — ► S is smooth. Then 
any fppf torsor T under Q trivializes over an etale cover of S. 



Proof. By Proposition lA,4l and |SP[ Lemmas 0429 and 041Q|, T is a smooth surjective S-algebraic 
space. Since T trivializes over T — * S, it also trivializes over an etale cover of T by a scheme U. 
Since U — > S has a section etale locally |EG A IV4 17.16.3 (ii)], we conclude. □ 



Proposition A. 6. Let Q be an S-group scheme, and suppose that Q — > S is fppf and quasi-affine 
[EGA II) 5.1.1]. Then every fppf torsor T under Q is representable by a quasi-affine scheme. 



Proof. By |SP1 Lemma 0247] and |EGA IV2 2.7.1 (xiv)], a morphism of sheaves T — * S on Sf pp f, 



which fppf locally on S is representable and quasi-affine, is representable and quasi-affine. □ 

Proposition A. 7. Let Q be a separated quasi-finite [EGA III 6.2.3] flat S-group scheme. Then 
Q —* S is quasi-affine; it is also fppf, if S is Noetherian. In the latter case, every fppf torsor T 
under Q is representable by a scheme. 
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Proof. Every separated quasi-finite morphism is quasi-affine |EGA IV4] , 18.12.12] and i s also of finite 
presentation, if S is Noetherian. The last sentence now follows from Proposition 

Proposition A. 8. Let Q be a quasi-finite fppf S-group scheme whose fibers have orders that are 
prime to the residue characteristic. Then Q is etale. 



Proof. This is [TO70] p. 17, Lemma 5] if Q is finite. In general the proof is the same: by |EGA IV4 



17.6.2 a) •<=> c")] one is reduced to S being the spectrum of an algebraically closed field, in which 
case Q is finite. One then uses the connected-etale sequence. □ 



A. 9. Quotients by equivalence relations. Let R and X be sheaves on Sf pp f. Recall |Ray67 §3] 



that R —* X Xg X is an equivalence relation, if 5 is a monomorphism and 5(T) is a graph of 
an equivalence relation on X(T) for each S'-scheme T. Form the fppf quotient sheaf Y by the 
equivalence relation; by abuse of notation, Y = X/R. By loc. cit., the quotient is 

(a) Effective, meaning that the canonical map R — » X x y X is an isomorphism; 

(b) Universal, meaning that for any morphism of fppf sheaves Y' —> Y, the quotient of X XyY' 
by the base changed equivalence relation R XyY' is Y' . 

The main case of interest in this paper is when rl —> Q is an immersion of S-group schemes, X = Q, 
R = Q xgl-l, and 5: Q xs?/->6 x sG is (g, h) >— > (g,gh); the corresponding quotient is Q /%. 

Lemma A. 10. Let rl — > Q be an immersion of S-group algebraic spaces, and let Q := Q/'H be the 
fppf quotient sheaf. Assume that 5: Q x gH —* Q x$ G given by (g, h) >-* (g,gh) is quasi- compact. 

(a) IfH^Sis fppf, then Q is a quasi- separated S -algebraic space. 

(b) Let V be a property of morphisms of algebraic spaces that is stable under base change and is 
fppf local on the base. IfH—*S has V, then so does Q —* Q. 

(c) If rl —* S is fppf, and i is a closed immersion, then Q is a separated S-algebraic space. 
Proof. 

(a) Let Pi,P2 be the projections of Q x$Q. By |LMB00| 10.4], it suffices to check that p\ o 5 and 
P2 5 are fppf. This is so because both are base changes of % —* S. 



(b) In the proof of |Ray67 Proposition 2] replace schemes by algebraic spaces and fpqc by fppf. 



(c) We check that Qx s Q is a closed immersion. Bv lA.qia)! the square 



G x s U^^Q x s g 



Q — - — ► Q x 5 Q 



is Cartesian. Since U -» S is fppf, by [(b)] and [SB Lemmas |Q4TQ| I041W1 [QiTT] . so is 
Q — * Q. Thus, QxsQ^-QxsQ is also fppf, and A is a closed immersion, because so is 5 
Lemma 0420J being a base change of i. □ 



A. 11. Fpqc covers. To carry out descent we sometimes consider fpqc morphisms. For us a mor- 
phism is fpqc, if it is faithfully flat and quasi-compact. In the notation of I2.1[ by (EGA 1} 0i 7.3.5] 
and |EGA IV 4 [ 18.6.6 (hi)], SpecO s , s -> SpecO s , s and SpecC?£ a -» SpecO s , s are fpqc. 
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